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Universal	
  Measure	
  –	
  John	
  Wilkins	
  1668	
  

•  Decimal	
  system	
  
•  Time	
  as	
  a	
  universal	
  measure	
  (the	
  

second)	
  
•  Length	
  derived	
  through	
  a	
  seconds	
  

pendulum	
  

T = 2π L
gL 



wikipedia.org 

Universal	
  measure	
  –	
  Gabriel	
  Mouton	
  1670	
  
	
  

•  Decimal	
  system	
  
•  Length	
  as	
  universal	
  measure	
  (earth)	
  
•  Jean-­‐BapAste	
  Delambre	
  and	
  Pierre	
  

François-­‐André	
  Méchain	
  
–  Survey of 1792-1798 
–  K. Adler, “The Measure of All 

Things,” Simon & Schuster, New 
York (2002). 



Birth	
  of	
  the	
  metric	
  system	
  
•  20	
  June	
  1799,	
  two	
  plaAnum	
  standards	
  represenAng	
  

the	
  meter	
  and	
  the	
  kilogram	
  deposited	
  in	
  the	
  
Archives	
  de	
  la	
  République,	
  Paris	
  

(Musée	
  des	
  Arts	
  et	
  Mé-ers,	
  Paris)	
  



new units of measure. The likes of Carl Friedrich
Gauss, Wilhelm Weber, James Clerk Maxwell, and
Lord Kelvin, pioneers in the new science, helped to
expand the system and developed the conceptual
framework of a coherent system with base mechan-
ical units from which to create derived units as
needed. The system included clear explanations of
how to realize the base units through measurement,
and the coherent derived units were products of
powers of the base units with a prefactor of 1.

The timeline in figure 1 shows that despite nu-
merous changes, the SI still has this fundamental
framework, with 7 base units (and associated defi-
nitions for realizing them) and 22 derived units with
special names and symbols.3 However, international
consensus is building to once again advance the SI
to reflect contemporary understanding of the phys-
ical world. The new framework of the future SI will
no longer define seven base units and coherently de-
rived units; instead, it will adopt exact values for
seven fundamental constants of nature on which all
SI units will be realized. Gone are the base units and
their definitions. 

How to make a system of units
A system of units to express all physical measure-
ments must take into consideration all physical
quantities and the equations that relate those quan-
tities—namely, the accepted laws of physics. A sim-
ple example is
                     F = ma = m dv/dt = m d2x/dt2,                 (1)
where force F, mass m, acceleration a, velocity v,
length x, and time t are all quantities and the rela-

tions are Newton’s second law of motion and basic
dynamics. 

Carefully choosing a subset of independent
base quantities allows one to derive the remaining
quantities as functions of the chosen subset through
the accepted laws of physics. The selection of base
quantities is not unique; but they must be complete
and nonredundant.4 For example, if equation 1 were
all we knew about the physical world (six quanti-
ties, three constraints), choosing either force or mass
and any two of the remaining five quantities would
give us an independent set of three base quantities. 

However, we are not yet done. To fully define
the system of units, we must assign a specific refer-
ence quantity to each base quantity. The reference
quantity can be a specific artifact, as is the case for
the base quantity of mass in the present SI—the in-
ternational prototype of the kilogram (IPK). Alter-
natively, in the energy equivalence relations
                          E = hν = mc2 = eV = kT,                      (2)
the Planck constant h, the speed of light c, the ele-
mentary charge e, and the Boltzmann constant k can
also be reference quantities since they are invariants
with specific values. 

The present SI has seven base quantities: time,
length, mass, electric current, thermodynamic tem-
perature, amount of substance, and luminous inten-
sity. The specific reference quantities are the defini-
tions shown in table 1. In other words, the reference
quantities in the present SI are the definitions of the
base units: the second, meter, kilogram, ampere,
kelvin, mole, and candela.

The new SI will also have seven base quantities:

36 July 2014 Physics Today www.physicstoday.org

System of units

2018
The new SI will specify the exact

values of seven fundamental constants,
shown in table 2. All SI units will be

based on those defining constants.

1983
A new definition
of the meter links
it to the speed of
light in vacuum.

1799
The metric system is born.

The Archives de la
République in Paris

receives two platinum
artifact standards

representing the meter
and kilogram.

1971
The mole becomes a
new base unit of the
SI, and the list of base
units grows to seven.

1967
The second is
redefined in terms of
the hyperfine splitting
frequency of the
cesium-133 atom.

1889
The first General

Conference on Weights
and Measures (CGPM)

approves a system of
measures with the base

units meter, kilogram,
and second.

1954
The ampere, kelvin,

and candela are
officially adopted as

base units by the
10th CGPM.

1960
The 11th CGPM adopts
the name International

System of Units (SI) with
the base units meter,

kilogram, second, ampere,
kelvin, and candela. The
meter is redefined as the
wavelength of radiation

from a specific excitation
in krypton-86.

1668
John Wilkins's essay
is published.

1875
Seventeen member nations
sign the Meter Convention.

Work begins on constructing
new international prototypes

for the meter and kilogram.

Figure 1. Evolution of the SI. A brief timeline of the history of the International System
of Units since John Wilkins’s 1668 essay is scaled to a meter bar. The photograph shows
a marble meter standard in Paris, dating from the 18th century. (Photo courtesy of
LPLT\Wikimedia Commons.)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
129.6.64.114 On: Mon, 07 Jul 2014 16:23:13

Fast	
  forward	
  evoluAon	
  of	
  the	
  SI	
  



Present	
  SI	
  –	
  units	
  defined	
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What	
  are	
  fundamental	
  constants?	
  

!
F = −GMm

r 2
r̂

G = 6.74×10−11m3kg−1s−2

Cavendish, 1798 

wikipedia.org 

Newton’s Principia, 1686 



 
Other Fundamental Constants 

Constant Basic Law Equation 

F = −Gm1m2

r2
r̂G Newtonian Universal 

Gravitation 

F = k1

q1q2
r2

r̂k1 Coulomb’s 

B = k2


I × r̂dl
r2∫k2 Biot-Savart 

c2 = k1
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General Relativity 
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Comparing Theory from Measured 
Values of Fundamental Constants 

c2 = k1
k2

Electromagnetic Forces Time of Flight 

R∞ =
1
2
α 2mec
h
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Better Determination of the 
fundamental constants  

It is clear from both the table and figure that the data are highly
inconsistent. Of the 55 differences among the 11 values, the
three largest, 11:4udiff , 10:7udiff , and 10:2udiff , are between
JILA-10 and three others: UWash-00, BIPM-01, and UZur-06,
respectively. Further, eight range from 4udiff to 7udiff . The
weighted mean of the 11 values has a relative standard uncer-
tainty of 8:6! 10"6. For this calculation, with ! ¼ 10, we
have "2 ¼ 209:6, pð209:6j10Þ & 0, and RB ¼ 4:58. Five data
have normalized residuals jrij> 2:0: JILA-10, BIPM-01,
UWash-00, NIST-82, and UZur-06; their respective values
are "10:8, 6.4, 4.4, "3:2 and 3.2.

Repeating the calculation using only the six values of G
with relative uncertainties' 4:0! 10"5, namely, UWash-00,
BIPM-01, MSL-03, UZur-06, HUST-09, and JILA-10, has
little impact: the value of G increases by the fractional
amount 5:0! 10"6 and the relative uncertainty increases to
8:8! 10"6; for this calculation ! ¼ 5, "2 ¼ 191:4,
pð191:4j5Þ & 0, and RB ¼ 6:19; the values of ri are 4.0,
6.3, "0:05, 3.0, "2:2, and "11:0, respectively.

Taking into account the historic difficulty in measuring G
and the fact that all 11 values of G have no apparent issue
besides the disagreement among them, the Task Group de-
cided to take as the 2010 recommended value the weighted
mean of the 11 values in Table XXIV after each of their
uncertainties is multiplied by the factor 14. This yields

G¼6:67384ð80Þ!10"11 m3kg"1 s"2 ½1:2!10"4):
(284)

The largest normalized residual, that of JILA-10, is now
"0:77, and the largest difference between values of G, that
between JILA-10 and UWash-00, is 0:82udiff . For the calcu-
lation yielding the recommended value, ! ¼ 10, "2 ¼ 1:07,
pð1:07j10Þ ¼ 1:00, and RB ¼ 0:33. In view of the significant
scatter of the measured values of G, the factor of 14 was
chosen so that the smallest and largest values would differ
from the recommended value by about twice its uncertainty;
see Fig. 6. The 2010 recommended value represents a

FIG. 1. Values of the fine-structure constant # with ur < 10"7

implied by the input data in Table XX, in order of decreasing
uncertainty from top to bottom (see Table XXV).

FIG. 2. Values of the fine-structure constant # with ur < 10"8

implied by the input data in Table XX and the 2006 and 2010
CODATA recommended values in chronological order from top to
bottom (see Table XXV).

TABLE XXV. Inferred values of the fine-structure constant # in order of increasing standard uncertainty obtained from the indicated
experimental data in Table XX.

Primary source Item No. Identification Sec. and Eq. #"1
Relative standard
uncertainty ur

ae B13:2 HarvU-08 V.A.3 (128) 137.035 999 084(51) 3:7! 10"10

h=mð87RbÞ B57 LKB-11 VII.B 137.035 999 045(90) 6:6! 10"10

ae B11 UWash-87 V.A.3 (127) 137.035 998 19(50) 3:7! 10"9

h=mð133CsÞ B56 StanfU-02 VII.A 137.036 0000(11) 7:7! 10"9

RK B35:1 NIST-97 VIII.B 137.036 0037(33) 2:4! 10"8

$0
p"90ðloÞ B32:1 NIST-89 VIII.B 137.035 9879(51) 3:7! 10"8

RK B35:2 NMI-97 VIII.B 137.035 9973(61) 4:4! 10"8

RK B35:5 LNE-01 VIII.B 137.036 0023(73) 5:3! 10"8

RK B35:3 NPL-88 VIII.B 137.036 0083(73) 5:4! 10"8

!!Mu B29:1, B29:2 LAMPF VI.B.2 (233) 137.036 0018(80) 5:8! 10"8

$0
h"90ðloÞ B33 KR/VN-98 VIII.B 137.035 9852(82) 6:0! 10"8

RK B35:4 NIM-95 VIII.B 137.036 004(18) 1:3! 10"7

$0
p"90ðloÞ B32:2 NIM-95 VIII.B 137.036 006(30) 2:2! 10"7

!H, !D IV.A.1.m (88) 137.036 003(41) 3:0! 10"7

1576 Peter J. Mohr, Barry N. Taylor, and David B. Newell: CODATA recommended values of the fundamental . . .

Rev. Mod. Phys., Vol. 84, No. 4, October–December 2012
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How	
  to	
  make	
  a	
  system	
  of	
  units	
  
•  Six	
  quanAAes	
  (force,	
  mass,	
  acceleraAon,	
  velocity,	
  

length,	
  Ame)	
  and	
  three	
  equaAons:	
  

F =ma =mdv dt =md 2x dt2

•  Choose	
  independent	
  subset	
  of	
  base	
  quanAAes	
  –	
  
either	
  force	
  or	
  mass	
  and	
  any	
  two	
  of	
  the	
  remaining	
  
five:	
  

x,m, t
•  Choose	
  specific	
  reference	
  quanAty	
  for	
  each	
  base	
  

quanAty	
  –	
  define	
  a	
  unit:	
  
x = 1 meter      m = 1 kilogram            t = 1 second 

11/14/14, 2:36 PMsecond_definition.gif 800×364 pixels

Page 1 of 1http://www.howequipmentworks.com/images/physics_images/basic_princip_images/units_images/second_definition.gif



How	
  to	
  make	
  a	
  system	
  of	
  units	
  

•  Choose	
  specific	
  reference	
  quanAty	
  for	
  each	
  base	
  
quanAty	
  –	
  define	
  a	
  fundamental	
  constant:	
  

E = hv =mc2 = eV = kT

•  h,	
  c,	
  e,	
  and	
  k	
  are	
  invariants	
  of	
  nature	
  –	
  a	
  true	
  
universal	
  measure	
  

•  Available	
  to	
  everybody,	
  anyAme,	
  anywhere	
  



Paradigm	
  Shib	
  of	
  SI	
  

Present	
  SI	
  (“explicit	
  units”)	
  
•  7	
  base	
  units	
  with	
  

definiAons	
  
–  s, kg, m, A, K, mo, cd  

•  All	
  other	
  units	
  derived	
  

New	
  SI	
  (“explicit	
  constants”)	
  
•  7	
  fundamental	
  constants	
  

defined	
  as	
  exact	
  
–  Δν(133Cs)hfs, c, h, e, k, NA, Kcd 

•  All	
  units	
  realized	
  through	
  
the	
  “defining	
  constants”	
  



Present	
  SI	
  –	
  units	
  defined	
  



New	
  SI	
  –	
  constants	
  defined	
  



Paradigm	
  shib	
  of	
  SI	
  

•  Measurement	
  of	
  a	
  dimensional	
  QuanAty,	
  Q	
  
Value&of&Quantity& =& Numerical&value& ×& unit&

Q& =& {Q}& ×& [Q]&
!

Present	
  SI:	
  
	
  

[Q]$=$mp1 $kgp2 $sp3 $Ap4 $Kp5 $molp6 $cdp7

New	
  SI:	
  
	
  

[Q]$=$[c1]
s1 $[c2]

s2 $[c3]
s3 $[c4 ]

s4 $[c5]
s5 $[c6 ]

s6 $[c7]
s7

L	
  
L" =" 1" ×" m"
L" =" 30.663"."."" ×" [c]"[ν(Cs)]21"

!
P.	
  J.	
  Mohr,	
  “Defining	
  units	
  in	
  the	
  quantum	
  
based	
  SI,”	
  Metrologia	
  45,	
  129	
  (2008)	
  	
  



Some Fundamental Constants in the SI 
•  Newtonian constant of gravitation: 

 G = 6.673 84(80) × 10-11 m3 kg-1 s-2  [1.2 × 10-4] 
 

•  Avogadro constant: 
	

NA = 6.022 141 29(27) × 1023 mol-1  [4.4 × 10-8] 

 

•  Electron mass: 
	

me = 9.109 382 91(40) × 10-31 kg   [4.4 × 10-8] 

 

•  Planck constant: 
 h = 6.626 069 57(29) × 10-34 J s   [4.4 × 10-8] 

 

•  Fine-structure constant: 
	

α = 1/137.035 999 074(44)   [3.2 × 10-10] 

 

•  Rydberg constant: 
 R∞ = 10 973 731.568 539(55) m-1   [5.0 × 10-12] 

 

 
 
 
 
 
 



Quantity = {Quantity} [Quantity] 

Δν(133Cs)hfs = 9 192 631 770 Hz 

c = 299 792 458 m/s 

IPK = 1 kg 

µ0 = 4π × 10-7 N/A2 

TTPW = 273.16 K 

M(12C) = 0.012 kg/mol 

Kcd = 683 lm/W 
!

Present	
  SI	
  



Quantity = {Quantity} [Quantity] 

Δν(133Cs)hfs = 9 192 631 770 Hz 

c = 299 792 458 m/s 

h = 6.626 . .  × 10-34 J s 

e = 1.602 . . × 10-19 C 

k = 1.380 . . × 10-23  J/K 

NA = 6.022 . .  × 10-23 1/mol 

Kcd = 683 lm/W 
!

New	
  SI	
  



Advantage: no more IPK 

THE KILOGRAM (IPK) 
 

physics.nist.gov/cuu/Units/ 



Drift of the IPK 
3/11/13 11:10 AMPrototype_mass_drifts.jpg 790×500 pixels

Page 1 of 1http://upload.wikimedia.org/wikipedia/commons/c/c9/Prototype_mass_drifts.jpg



Not	
  available	
  to	
  everyone,	
  anyAme,	
  
anywhere	
  

2nd periodic verification 3rd periodic verification Extra ordinary 

In between, the world flies blind. 



Advantage:	
  Scaling	
  with	
  the	
  new	
  SI	
  -­‐	
  Length	
  
Time of Flight 

9/23/14, 10:32 AM383431main_lro_lr2_lgweb.jpg 576×768 pixels

Page 1 of 1http://www.nasa.gov/images/content/383431main_lro_lr2_lgweb.jpg

4 × 108 m measured to 1 part in 1011  

3

Figure 1. Combined x-ray and optical interferometer. The analyzer crystal moves
along the line indicated by the arrow.

2. Experimental apparatus

2.1. Combined x-ray and optical interferometry

A combined x-ray and optical interferometer is shown in figure 1. It consists of three crystals
cut so that the (220) planes are orthogonal to the crystal surfaces. X-rays from a 17 keV Mo
K↵ source having a (10 ⇥ 0.1) mm2 line focus are split by the first crystal and then recombined,
via two transmission crystals, by the third, called the analyzer. When the analyzer crystal is
moved along a direction orthogonal to the (220) planes, a periodic variation in the transmitted
and diffracted x-ray intensities is observed, the period being the diffracting-plane spacing.
The analyzer embeds front and rear mirrors, so that its displacement is measured by optical
interferometry; the necessary picometer resolution is achieved by polarization encoding and
phase modulation. The laser source realizes the meter by definition; it operates in single-mode
configuration and its frequency is stabilized against that of a recommended transition of the 127I2

molecule. This ensures the calibration of the optical interferometer with a negligible uncertainty.
To eliminate the adverse influence of the refractive index of air, the experiment is carried out in
a vacuum.

According to the measurement equation

d220 = (m/n)�/2, (1)

the larger the crystal displacement, the higher the resolution. In equation (1), n is the number
of x-ray fringes of the d220 period in a crystal displacement spanning m optical fringes of
the �/2 period. The interferometer operation was extended up to displacements of 5 cm. This
magnification makes more numerous systematic effects visible and reproducible. In addition, it
allows wider crystal parts to be surveyed, thus increasing confidence in the crystal perfection
and in the mean value of the lattice parameter. This measurement capability is obtained by
means of a guide where an L-shaped carriage slides on a quasi-optical rail. The successful
operation of a separate-crystal interferometer is a challenge: the fixed and movable crystals
must be so faced to allow the atoms to recover their exact position in the initial single crystal

New Journal of Physics 11 (2009) 053013 (http://www.njp.org/)

Interferometry 

2 × 10-10 m measured to 5 parts in 109  



Advantage:	
  Scaling	
  with	
  the	
  new	
  SI	
  –	
  Mass	
  

Watt Balance 

1 kg measured to 2 parts in 108  

m =
h
4gv

Atom recoil 

2 × 10-25 kg measured to 2 parts in 109  

E0 

Eex 

E0 

Eex 
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Impact:	
  Improved	
  values	
  of	
  other	
  constants	
  

Quantity( Symbol( Present((SI(
ur(×(10

9(
New(SI(
ur(×(10

9(

Planck(constant( h 44( 0(

Elementary(charge( e 22( 0(
Boltzmann(constant( k 910( 0(
Avogadro(constant( NA 44( 0(

Josephson(constant( KJ 22( 0(

von(Klitzing(constant( RK 0.32( 0(

Electron(mass( me 44( 0.64(

Atomic(mass(unit( mu 44( 0.70(

Mass(of(carbonI12( m(12C) 44( 0.70(

Molar(gas(constant( R 910( 0(

Faraday(constant( F 22( 0(

StefanIBoltzmann(constant( σ 3600( 0(

FineIstructure(constant( α 0.32( 0.32(
!



Impact:	
  	
  No	
  uncertainty	
  in	
  energy	
  conversions	
  

Quantity( Symbol( Present((SI(
ur(×(10

9(
New(SI(
ur(×(10

9(

Planck(constant( h 44( 0(

Elementary(charge( e 22( 0(
Boltzmann(constant( k 910( 0(
Avogadro(constant( NA 44( 0(

E=mc2(energy(equivalent( J(↔(kg( 0( 0(

E=hc/λ(energy(equivalent( J(↔(mC1 44( 0(

E=hν(energy(equivalent( J(↔(Hz 44( 0(

E=kT(energy(equivalent( J(↔(K 910( 0(

1(J(=1((C/e)(eV(energy(equivalent( J(↔(eV 22( 0(
!



Consequences:	
  Presently	
  exact	
  values	
  no	
  
longer	
  exact	
  

Quantity( Symbol( Present((SI(
ur(×(10

9(
New(SI(
ur(×(10

9(

Planck(constant( h 44( 0(

Elementary(charge( e 22( 0(
Boltzmann(constant( k 910( 0(
Avogadro(constant( NA 44( 0(

International(prototype(of(the(kilogram( m(K) 0( 44(

Permeability(of(free(space( µ0 0( 0.32(

Permittivity(of(free(space( ε0 0( 0.32(

Triple(point(of(water( TTPW 0( 910(

Molar(mass(of(carbonG12( M(12C) 0( 0.70(
!



Consequence:	
  shib	
  in	
  quantum	
  electrical	
  
standards	
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Barrier 

Super- 
conductor 

Super- 
conductor 

E 0 
E ex 
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E ex 
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E ex 

hf 
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f
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h
2e
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NIST	
  Programmable	
  Josephson	
  
Voltage	
  Array	
  Standard	
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1990	
  ConvenAonal	
  Electrical	
  Unit	
  of	
  the	
  volt	
  

KJ-90 = 483597.9 GHz/V 

Taylor, B.N., and T.J. Witt, Metrologia 26(1), 47-62 (1989) 

Quinn, T.J., Metrologia 
 26(1), 69-74 (1989) 
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RK-90 = 25812.807 Ω 

Taylor, B.N., and T.J. Witt, Metrologia 26(1), 47-62 (1989) 
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Electric	
  current	
  –	
  the	
  ampere	
  (cont.d)	
  
Consequence:	
  
The	
  resulAng	
  shibs	
  in	
  the	
  new	
  SI	
  electrical	
  units	
  with	
  respect	
  to	
  the	
  1990	
  
convenAonal	
  electrical	
  units	
  are:	
  
	
  	
  

	
  V	
  =	
  V90[1	
  –	
  (100	
  ×	
  10−9)]; 	
  (-­‐100	
  ppb)	
  
	
  Ω	
  =	
  Ω90[1	
  –	
  (17	
  ×	
  10−9)]; 	
  (-­‐17	
  ppb)	
  
	
  A	
  =	
  A90[1	
  –	
  (83	
  ×	
  10−9)]; 	
  (-­‐83	
  ppb)	
  
	
  C	
  =	
  C90[1	
  –	
  (83	
  ×	
  10−9)]; 	
  (-­‐83	
  ppb)	
  
	
  W	
  =	
  W90[1	
  –	
  (183	
  ×	
  10−9)];	
  (-­‐183	
  ppb)	
  
	
  F	
  =	
  F90[1	
  +	
  (17	
  ×	
  10−9)]; 	
  (17	
  ppb)	
  
	
  H	
  =	
  H90[1	
  -­‐	
  (17	
  ×	
  10−9)]; 	
  (-­‐17	
  ppb)	
  

	
  	
  
It	
  should	
  be	
  noted	
  these	
  shibs	
  are	
  within	
  the	
  assigned	
  uncertainAes	
  by	
  the	
  
ConsultaAve	
  Commiqee	
  for	
  Electricity	
  and	
  MagneAsm	
  (CCEM)	
  of	
  the	
  CIPM	
  
(Quinn,	
  1989,	
  2001):	
  
	
  	
  

	
  V	
  =	
  V90[1	
  ±	
  (400	
  ×	
  10−9)]; 	
  (±400	
  ppb)	
  
	
  Ω	
  =	
  Ω90[1	
  ±	
  (100	
  ×	
  10−9)]; 	
  (±100	
  ppb)	
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CommunicaAon:	
  general	
  public	
  	
  

•  MLB	
  Official	
  Rules:	
  	
  
–  The ball  . . . shall weigh not less than five nor more 

than 5 1/4 ounces avoirdupois 
–  The bat shall be . . . not more than 42 inches in length  
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FIG. 6. Top left: The calibration laser projects onto a ruler a
few meters away. The shadow sensor detects angular motions
of the balance and outputs an oscillatory voltage signature.
Right: A transparent view of the PVC coil assembly show its
concentricity to the magnet assembly. A stainless steel 10 g
mass sits centered on the mass pan and the gimbal system
above the mass pan is shown. Bottom left: LEGO T-block
serving as the central pivot with balls and V-blocks for kine-
matic realignment. An identical set exists on the opposing
face of the balance.

After these four alignment steps, the instrument is
ready for calibration. The balance was servoed to a few
di↵erent angles which caused the shadow sensor to detect
di↵ering light intensities and convert them into voltages
Vi. For each voltage, the position of the light spot on
the ruler was measured, xi. In addition to these points,
we noted the position of the light when the balance was
horizontal, x0. The balance angle was then determined
as ✓i = (xi � x0)/d and the coil height was calculated by
multiplying the balance angle by the e↵ective radius, or
zi = re↵✓i. The e↵ective radius was found by measuring
the distance of the knife edge to the mass pan universal
joint. For the balance described here, re↵ = 175mm.

The optical sensing described here was contrived to
drive the measurement uncertainty down to reach our
1% goal. If this goal is not required, easier methods
can be used, i.e., directly measuring the coil height for
di↵ering servoed positions.

Within reasonable range, the voltage produced by the
shadow sensor is a linear function of the coil height.
Hence the coil height can be obtained as z(V ) = b(V �
Vo). A best-fit line to the data (zi, Vi) yields b and Vo.
Fig. 7 shows an example of such a calibration.

B. Velocity Mode Measurement

As stated before, velocity mode measurement ((BL)V)
is the key for characterizing the electromagnetic proper-
ties of the balance, the first measurement step toward
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FIG. 7. Calibration of the shadow sensor. The balance is ser-
voed to 9 di↵erent shadow sensor voltages. For each voltage,
the position of the light spot on the wall, in this case 3489mm
away, is measured. The relationship between the position of
the light spot on the wall and the shadow sensor voltage is
almost linear. The solid line indicates the best fit to the data.
The upper graph shows the residuals between the fit line and
the measured data points. We attributed an uncertainty of
0.5 mm (represented by the error bars) to the position mea-
surement of the light spot. Judging from the residuals, that
seems reasonable.

obtaining an h or mass value. Our chosen method was
to use the information from our calibrated optical dis-
placement sensor and simply take its time derivative to
calculate velocity.
If one wants to perform a watt balance experiment

using Coil A, then Coil B will be used to drive the bal-
ance in a sinusoidal motion, see Fig. 2. Again, there are
many ways to actuate velocity mode. We chose a sym-
metric design such that either arm could be the driver,
but other ideas such as a LEGO miniature piston engine
have also been tried11. Because we arbitrarily chose Coil
A as the measurement coil and Coil B as the driver, we
will continue this nomenclature for consistency and clar-
ity. Using the language of control theory, Coil B was the
input driven with an open-loop sinusoidal voltage, and
the output balance position was detected by the shadow
sensor.
A sinusoidal driving signal with an amplitude of 1mm

and a period of 1.5 s seemed to be a good starting point
for our balance. We sampled the Labjack analog input
device at a rate of � = 1ms and obtained values for the
induced voltage on Coil A, V (i�), and the shadow sensor
voltage VSS(i�), where i is the sample number. The coil
position z(i�) was then extracted from the shadow sen-
sor voltage. The sampled data were filtered and the coil
velocity was obtained by taking the numerical derivative:

v(i�) =
z

�
(i+ 1)�

�
� z

�
(i� 1)�

�

2�
(14)

For the pairs of voltages and velocities, a best-fit line

4

FIG. 2. CAD model of the LEGO watt balance. The balance
pivots about the T-block at the center. Two PVC endcaps
with copper windings hang from universal joints o↵ either side
of the balance beam. Coil A is on the left and Coil B is on
the right. A 10 gram mass sits on the Coil A mass pan and
each coil is concentric to its own magnet system. Two lasers
are used to calibrate and measure the linear velocity of each
coil.

FIG. 3. Image of three similar versions of the LEGO watt
balance. The acrylic cases are backlit with blue LEDs and
serve the purpose of blocking out disturbances from air cur-
rents. Two hinged doors on the front panel allow for small
masses to be placed and removed from the mass pans. All the
electronics are mounted below the wooden base board. Four
adjustable feet are used for leveling the balance.

netic force generated, hence increasing the BL factor.
A small hole was drilled into each end cap top where a

LEGO cross axle was attached vertically, allowing each
to hang rigidly beneath their corresponding mass pan,
see Fig. 6. The mass pan was suspended from three
rigid rods linking to a LEGO universal joint (part no.
61903). This dual-gimbal system hangs from a set of two
freely pivoting axles parallel to the central pivot (part
no. 4208204) connecting to the balance arm. The cen-
tral pivot (T-brick part no. 4211713) has a ”knife edge”

radius of approximately 3.1mm and rests on a smooth
surface.
The whole balance measures approximately 43 cm x 36

cm x 10 cm and has a mass of 4 kg, including the wooden
base board. Fig. 3 shows a photograph of three balances
that we have built.

IV. ELECTRONICS AND DATA ACQUISITION

We employ two USB devices, a U6 from Labjack and a
1002 0 from Phidget, to connect the LEGO watt balance
to a laptop. The U6 is used to measure the position of
the balance beam, the induced voltage, and current in
each coil. We connect a sixth input to a LEGO handheld
controller (potentiometer) that allows students to manu-
ally tare the balance, making a popular exhibit at science
fairs and demonstrations. The 1002 0 is a four channel
analog output that is capable of producing a voltage be-
tween -10 V and +10V. Each channel can source up to
20 mA. One channel is used for each coil. One channel
is connected to a double throw, double pole relay. This
relay allows the analog output to disconnect from either
coil. One coil serves as the sine-driven actuator while the
induced voltage can be measured in the other. The relay
toggles between the two coils allowing the operator to
select which one is the driver. The last output channel is
used to remove the bias voltage in the photodiode, later
explained in Section V. This allows the use of a smaller
gain setting on the analog-to-digital converter that reads
the photodiode.
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FIG. 4. Circuit diagram for the LEGO watt balance. The top
diagram connects one of the two coils to the analog output
via a double pole relay. The bottom diagram shows the power
supply for the two laser pointers and the photodiode.

We designed the circuit to keep the part count low
(seven resistors, one relay and one voltage regulator) to

“A LEGO Watt Balance:  An Apparatus to demonstrate the definition of 
mass based on the new SI” (submitted to AJP) 
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FIG. 6. Top left: The calibration laser projects onto a ruler a
few meters away. The shadow sensor detects angular motions
of the balance and outputs an oscillatory voltage signature.
Right: A transparent view of the PVC coil assembly show its
concentricity to the magnet assembly. A stainless steel 10 g
mass sits centered on the mass pan and the gimbal system
above the mass pan is shown. Bottom left: LEGO T-block
serving as the central pivot with balls and V-blocks for kine-
matic realignment. An identical set exists on the opposing
face of the balance.

After these four alignment steps, the instrument is
ready for calibration. The balance was servoed to a few
di↵erent angles which caused the shadow sensor to detect
di↵ering light intensities and convert them into voltages
Vi. For each voltage, the position of the light spot on
the ruler was measured, xi. In addition to these points,
we noted the position of the light when the balance was
horizontal, x0. The balance angle was then determined
as ✓i = (xi � x0)/d and the coil height was calculated by
multiplying the balance angle by the e↵ective radius, or
zi = re↵✓i. The e↵ective radius was found by measuring
the distance of the knife edge to the mass pan universal
joint. For the balance described here, re↵ = 175mm.

The optical sensing described here was contrived to
drive the measurement uncertainty down to reach our
1% goal. If this goal is not required, easier methods
can be used, i.e., directly measuring the coil height for
di↵ering servoed positions.

Within reasonable range, the voltage produced by the
shadow sensor is a linear function of the coil height.
Hence the coil height can be obtained as z(V ) = b(V �
Vo). A best-fit line to the data (zi, Vi) yields b and Vo.
Fig. 7 shows an example of such a calibration.

B. Velocity Mode Measurement

As stated before, velocity mode measurement ((BL)V)
is the key for characterizing the electromagnetic proper-
ties of the balance, the first measurement step toward
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FIG. 7. Calibration of the shadow sensor. The balance is ser-
voed to 9 di↵erent shadow sensor voltages. For each voltage,
the position of the light spot on the wall, in this case 3489mm
away, is measured. The relationship between the position of
the light spot on the wall and the shadow sensor voltage is
almost linear. The solid line indicates the best fit to the data.
The upper graph shows the residuals between the fit line and
the measured data points. We attributed an uncertainty of
0.5 mm (represented by the error bars) to the position mea-
surement of the light spot. Judging from the residuals, that
seems reasonable.

obtaining an h or mass value. Our chosen method was
to use the information from our calibrated optical dis-
placement sensor and simply take its time derivative to
calculate velocity.
If one wants to perform a watt balance experiment

using Coil A, then Coil B will be used to drive the bal-
ance in a sinusoidal motion, see Fig. 2. Again, there are
many ways to actuate velocity mode. We chose a sym-
metric design such that either arm could be the driver,
but other ideas such as a LEGO miniature piston engine
have also been tried11. Because we arbitrarily chose Coil
A as the measurement coil and Coil B as the driver, we
will continue this nomenclature for consistency and clar-
ity. Using the language of control theory, Coil B was the
input driven with an open-loop sinusoidal voltage, and
the output balance position was detected by the shadow
sensor.
A sinusoidal driving signal with an amplitude of 1mm

and a period of 1.5 s seemed to be a good starting point
for our balance. We sampled the Labjack analog input
device at a rate of � = 1ms and obtained values for the
induced voltage on Coil A, V (i�), and the shadow sensor
voltage VSS(i�), where i is the sample number. The coil
position z(i�) was then extracted from the shadow sen-
sor voltage. The sampled data were filtered and the coil
velocity was obtained by taking the numerical derivative:

v(i�) =
z

�
(i+ 1)�

�
� z

�
(i� 1)�

�

2�
(14)

For the pairs of voltages and velocities, a best-fit line
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allow for easy construction. Figure 4 shows the circuit
diagram. The top circuit shows the circuitry that is used
to measure the induced voltage and current in each coil.

The circuit on the bottom left provides the 3V for
the two laser diodes (see Section V for functions of the
optical system). The diagram on the right reads the po-
sition in the following way: The photo current produced
in the photodiode is proportional to the balance position.
The photo current flows through R5, the 2.5 k⌦ resistor.
The voltage drop across R5 is added to the analog out-
put voltage produced by AO4 and the sum is measured.
By setting AO4 negative, 0V can be obtained when the
balance is at the nominal weighing position.

A custom executable program has been designed to
control the LEGO watt balance. If interested in obtain-
ing the free file, please contact the authors. A screenshot
of the main interface is shown in Figure 5.

FIG. 5. The front panel of the LEGO watt balance control
system. It allows the operator to calibrate the system, weigh
small masses, and measure Planck’s constant. Weighing mode
(or force mode) can be done either automatically or manually.

V. MEASUREMENT

Like a real watt balance, the LEGO watt balance must
undergo a series of alignments and calibrations prior to
starting the experiment, detailed in the following 4-step
procedure. It is important to calibrate and sense the bal-
ance’s angular position. Again, there are many ways to
achieve this, but here the angular position of the bal-
ance was monitored using a shadow sensor. The sys-
tem consists of a laser pointer and a photodiode near

the lower edge of one arm of the balance. When the bal-
ance moves, it gradually obstructs the optical path of the
laser, thereby changing the intensity of light hitting the
photo detector. A second laser pointer mounted on top
of the balance serves as an optical lever for calibrating
the shadow sensor, as we will describe shortly.
Once these prerequisites have been achieved, a com-

plete determination of mass or the value of the Planck
constant can begin using a common A-B-A measurement
technique. This repetition method is used to cancel the
time dependent drift associated with measurements. For
instance, one can interleave velocity mode, then force
mode, then velocity mode again. Ideally, these measure-
ments are done such that the instrument undergoes as
little change as possible, or by performing the measure-
ments in quick succession, neither moving nor tinker-
ing with the balance in between measurements. Once
properly aligned and calibrated, a full determination of
h through measuring (BL)V in velocity mode and (BL)F
in force mode is possible. For reference, our experienced
operators could perform the following alignment, calibra-
tion, and measurement procedure in about 10 minutes.

A. Calibrating the Shadow Sensor

If a shadow sensor and optical lever are indeed chosen
for position sensing, a four step process is advised to
prepare the balance for calibration.

1. Place the LEGO watt balance on a flat, level sur-
face located a few meters from a wall or vertical
structure.

2. Shine the laser pointer mounted on top of the bal-
ance to a wall a few meters away as in Figure 6.
Ideally, a ruler or grid paper is taped to the wall
where the laser spot is located. Measure the dis-
tance d from the pivot point of the balance to the
wall.

3. Align the balance beam to its support tower. En-
sure the balance is not rotated around the y and
z axes (the coordinate system is shown in Fig. 2).
Looking from the top, the clearances between the
beam and the support tower have to be evenly
spaced on each side. Our version of the balance
has several auxiliary parts, i.e., balls that engage
in V grooves and a swivel bracket that aid in the
balance alignment. However, it is also possible to
perform alignment without these parts. Also, it is
good practice to check if the balance is fairly leveled
when absent of masses.

4. Concentrically align each magnet system to its cor-
responding coil. Each magnet system is mounted
on X-Y adjustable plates that may slide around
until concentricity is reached. Each plate can be
clamped down after. It is very important to ensure
the coils are not touching the magnets.

Total cost:  $634 

Contact: 
leon.chao@nist.gov 
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NIST Electrostatic force balance 

Gordon&A.&Shaw,"John"A."Kramar,"Julian"S1rling,"Jon"R."Pra5,"John"T."Melcher,"Richard"Steiner,"Andrew"
Koffman,"Zeina"Kubarych,"Physical"Measurement"Laboratory,"NIST"
gordon.shaw@nist.gov&
"

Mo1va1on:""
SI"redefini1on"provides"an"opportunity"to"improve"mass"standards"
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Current"Standards"

Target""for"new""
measurements"

Example"applica1ons"include:"
•  Pharmaceu1cals"(custom"blending"and"microdosing)"
•  Semiconductors"(thin"film"deposi1on,"par1cle"measurement)"
•  Advanced"manufacturing"(laser"machining,"vibra1on"analysis)"
•  Precision"Biology"(biomaterial"measurement,"cell"measurements)"
•  Quan1fying"mass"for"small"amounts"of"very"valuable"material"

Approach:""
Use"SI"electrical"units"to"get"to"a"traceable"force"using"an"
Electrosta1c"Force"Balance"(EFB)"

=½"dC/dz"(V+Vs)2"F="m"g"

Experiment:""

NIST"micromasses"

Capacitance""
bridge"

Laser"
interferometer"

Balance"

C"

Z"

V"
Precision"

Mul1meter"

Concentric"
Cylinder"
Capacitor"

m
F"="balance"force"
m"="mass"under"test"
g"="gravita1onal"accelera1on""
"""""""(absolute"gravimeter)"
C"="Capacitance"
"""""""(calculable"capacitor)"
z"="inner"cylinder"displacement"
"""""""(stabilized"laser"wavelength)"
V"="voltage"
"""""""(Josephson"junc1on"array)"
Vs"="Surface"poten1al"
"""""""(compensated"by"reversing"polarity)"

Conclusion:""
The"NIST"Electrosta1c"Force"Balance"(EFB)"can"be"used"to"realize"
mass" in" a" fashion" consistent" with" the" SI" redefini1on" with"
uncertain1es"as"much"as"a"factor"of"10"below"currently"available"
calibra1ons." This" provides" poten1al" benefits" in" the" scaling" of"
small"mass"measurements"in"the"SI."

""Differen1al"mass"measurements"

Milligram"Mass"Metrology"Using"Electrosta1cs"

Abstract:"""
Within" the" next" several" years," the" Interna1onal" System" of" Units" (SI)" will" be"
undergoing" a" drama1c" shi`." Moving" forward," all" the" SI" units" will" be" based" on"
fundamental"physical"constants;"in"the"case"of"the"SI"unit"for"mass,"this"means"that"
the"Kilogram"ar1fact" stored" in" Sévres," France"will" no" longer"be" the" interna1onal"
standard." Instead,"mass"will" be" realized"based"on"Planck’s" constant"using"a"Wa5"
Balance," from"electrical"and" length"and"1me"measurements."Here,"we"describe"a"
similar" strategy" that" uses" SI" electrical" and" dimensional" units" to" realize" much"
smaller" masses" with" an" Electrosta1c" Force" Balance" (EFB)." The" range" of" interest""
brackets" the" span" of" ultraIsmall" commercial" mass" standards" that" are" just" now"
reaching"the"market,"from"10"micrograms"to"1"milligram."

"

Balance"is"housed"in"a"vacuum"chamber"(~10I7"torr)"in"the"NIST"
Advanced"Measurement"Laboratory."Temperature"="20.00(2)"°C"
"

Instrument:"The"NIST"EFB"
"

"

Uncertainty&
components&
 

Magnitude&(µg)&
 

Type&B&uncertain@es 50"µg"ar1fact"  1"mg"ar1fact" 20"mg"ar1fact"
transfer&of&length 1.50x10-4 3x10I3 6x10I2"
transfer&of&Voltage 1.33x10-5 2.6x10I3 5.3x10I3 
transfer&of&capacitance 4.10x10-5 8.2x10I4 1.64x10I2"
Correc@on&terms " 
alignments 2x10-6 4x10I5 8x10I5 
corner&loading 5x10-5 1x10I3 2x10I2 
hysteresis 2x10-5 3x10I4 6x10I3 
Type&A&uncertain@es " 
Weighing 6.1x10-3 1.9x10I2 3.8x10I1" 
dC/dz 3.7x10-3 2.6x10I3 8x10I1" 
Combined&standard&
uncertainty&(k=1) 0.0071 0.019 

"
0.89 

Rela@ve&combined&
standard&uncertainty 1.4x10-4 1.9x10I5 

"
4.4x10I5" 

Uncertainty"Analysis"

Current"
study"

Mass"Values" 50.633(7)"µg" 0.99919(2)"mg"
*Compare"to"mass"value"determined"by"Pra5,"et"al."Proc."XVIII"World"Congress,"2006:"20.9177(4)"mg"

Determining"capacitance"gradient"

•  4Ibar"linkage"prevents"rota1on"of"inner"cylinder"
•  Small"lateral"displacements"result"in"quadra1c"varia1ons"in"capacitance"with"posi1on,"
requiring"4th"and"5th"order"terms"in"dC/dz"fit"to"minimize"interpola1on"uncertainty"
•  Small"misalignments"in"center"posi1on"of"arc"result"in"small"2nd"and"3rd"order"terms"
•  Balance" is"operated" in"null"posi1on"within"5"nm"from"center"posi1on," so"gradient" is"
essen1ally"constant"during"an"experiment"
•  Rela1ve" magnitude" of" higher" order" terms" is" small," indica1ng" minimal" offIaxis"
contribu1on"to"force"measurement"

20.9179(9)"mg*"
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Quantity = {Quantity} [Quantity] 

Δν(133Cs)hfs = 9 192 631 770 Hz 

c = 299 792 458 m/s 

h = 6.626 . .  × 10-34 J s 

e = 1.602 . . × 10-19 C 

k = 1.380 . . × 10-23  J/K 

NA = 6.022 . .  × 10-23 1/mol 

Kcd = 683 lm/W 
!
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Quantity = {Quantity} [Quantity] 

R∞ = 10 973 731.568 5 m-1 

c = 299 792 458 m/s 

h = 6.626 . .  × 10-34 J s 

e = 1.602 . . × 10-19 C 

k = 1.380 . . × 10-23  J/K 

NA = 6.022 . .  × 10-23 1/mol 

Kcd = 683 lm/W 
!

Far	
  future:	
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  yet	
  again?	
  



Quantity = {Quantity} [Quantity] 

Δν(X)? = # × 1014 Hz 

c = 299 792 458 m/s 

h = 6.626 . .  × 10-34 J s 

e = 1.602 . . × 10-19 C 

k = 1.380 . . × 10-23  J/K 

NA = 6.022 . .  × 10-23 1/mol 

Kcd = 683 lm/W 
!

Far	
  future:	
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  yet	
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Summary 
•  The SI will continue to evolve with new 

knowledge about our physical world 

•  Fundamental constants are a true universal 
measure available to everyone, anytime, 
anywhere 

•  The SI is expected to be redefined in terms of 
exact values of a set of fundamental 
constants in 2018 






