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Abstract

We construct a manifestly gauge invariant Lagrangian in 3 + | dimensions
for N Kaluza-Klein modes of an SU(m) gauge theory in the bulk. For ex-
ample, if the bulk is 4 + 1, the effective theory is NN+180U(m); with N chiral
(7, m) fields connecting the groups sequentially. This can be viewed as a Wil-
son action for a transverse lattice in 2%, and is shown explicitly to match the
continuum 4+1 compactified Lagrangian truncated in momentum space. Scale
dependence of the gauge couplings is described by the standard renormaliza-
tion group technique with threshold matching, leading to effective power law
running. We also discuss the unitarity constraints, and chiral fermions.

*e-mail: hill@fnal.gov, jingw@fnal.gov, Stefan. Pokorski@fuw edu.pl
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Discovery of Higgs Boson will lead
to new organizing principles for

short-distance physics.

Candidate Operating Principles
come from theories with extra

dimensions.

Supersymmetry <+ Extra Fermionic Dimensions:

(Graded) extension of Lorentz Group

New “rotations” and “translations:”
fermion +> boson.

Broken SUSY lifts partners; (SUSY partners are
analogues of Kaluzsa-Klein modes).

High energy Theory: Superstring Theory.

Low energy Effective Theory: Perturbative
Minimal Supersymmetric Standard Model.
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Extra c-number Space-Time Dimensions?

e Conventional extension of Lorentz Group.
e New “rotations” and “translations.”

e Broken Lorentz Invariance by compactification:
Kaluzsa-Klein modes.

e High energy Theory: Superstring Theory?

e Extra dimensions can be associated with the
electroweak scale, e.g., ~ 1 TeV, rather than

Mpianck ?
(D. Jackson, ca 1972; J. Lykken, 1996)

Extra x-number Space-Time Dimensions?

Ertra Dimensions Christopher T. Hill, Fermailab *



‘ A Gedanken Experiment: I

An experimentalist discovers a 0.5 TeV, J =1, I =0,
Degenerate Color= 8 particle (“coloron”), produced
in perturbative QCD, G — V'V at the Tevatron.
How do we describe this with a Lagrangian?

A Sufficient Solution, i.e., “Hidden Local Symmetry
of Vector Mesons.” (Bando, Kugo, Yamawaki, et.al.)

e QCD Kinetic terms: SU(3)1, g1:
_(IXZ)TT(G‘;FG#:}}

e Coloron Kinetic terms: SU(3)2, g2:
—(1/2)Tr(Fu F**);
spin-1 + Lorentz Invariance + Quantum Mechanics —+ Ap cannot

propagate — Gauge invariance.

e Must give mass to the coloron — Need a Higgs:
D, ®' D*®, require (®) # 0.

e Coloron must have QCD color; must be
degenerate —». ®: (31,32) under
SU(3)1 x SU(3)2. (®) = vi3

e Extra Higgs Degrees of Freedom?

Jt
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Result of SU(3) x SU(3), ® (Topcolor):

e QCD gluon (zero-mode):

G = ; (g2 A1 + g1A2] @ — §
L +§2 B ——)

e Coloron:
H = 1 A —_— A —
93 +9% [92 g o 2] :’ <«

o My =vy/g?+93 Mcg=0

e QCD coupling constant:
1 .

= — +
QE;}CD g9i 9'%

Note: if g1 = g2 then gf = 293}61}! (“Ethane”)

e Some Phenomenology: G —+ VV, GG — V'V, but
no G — GV, etc.

Eztra Dimensions Christopher T. Hill, Fermilab #



Experimentalists discover a second 1.0
Tev. .= 1, =10, coloron:

— Expanded effective Lagrangian:
e SU(3)1 X SU(3)2 x SU(3)3 (assume g3 = 93 = 93 = 91.);
e 2 Higgs Fields: D,®!D*®; + D,®ID"®,;
o &;: (31,32) (@) = viz; P2: (32,33) (P) = viz;
e Unambiguous Structure: “Propane”
Result:
e QCD coupling g7 = 395 p; gluon (zero-mode)

: ~» -> -~
G=VT§[A1+A2+A3] oO—0— @

e Two Colorons, orthogonal normal modes:

' - .
H1=E[A1—A3]: == @ = @
> €« >
Hy = =[A1—2A2+ As]:  e=0=——=20

e Mg =0; Myy = QLU/‘\/_‘E = 0.5 TeV; predict:
Mpyo = grv+/3/2 = 0.86 TeV!?.

Jt
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Experimentalists discover third 1.5 TeV,
Jg =1, I =1, eoloron:

Again, expand Effective Lagrangian:
e QCD: SU(3)1 x SU(3)2 x SU(3)3 x SU(3)4; gr
e 3 Higgs: ®1, P2, P3; v.
e g7 = 4g4¢p; gluon + 3 heavy H’s.

e Equivalent to Geometrical Configurations and

Normal Modes of Butane Isomers:

Aliphatic Butane: Sk > 1
1 £
‘®Methylpropane 3 . 2
o ——
Cyclobutane (requires 4 Higgs): l l
(i&\lia Mbariﬂcrti.urrrd I”J ®—g¢

What is the organizing principle here”

Eztra Dimensions Christopher T. Hill, Fermilab #
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! A Geometrical Extra Dimension .

Latticizing Extra Dimensions Christopher T. Hill, Fermilab ﬂ



Fields Propagate in the Extra

Dimensions

Compactification Boundary Conditions:

e Periodic:

All basis functions periodic under z* — z* + §
e Orbifold:

Divide basis functions into even Fy and odd F_
under z* — 26 — z*

E.g., vector field A,: A* even; A* odd.
Assign A* ~ Fy; A* ~ F_.

Ezxtra Dimensions Christopher T. Hill, Fermilab #



| Kaluzsa-Klein Modes .

Zero-mode (Gluon):
Vanishing p4 —+ Mg =0

Orbifold: No A% zero mode,
only AH.

Periodic: Both Ay, and A4
zero-modes.

First KK Mode (Gluon):

Has mass:
agoB A= (o 0" + M2)A
M = p4 = 2#}5!

A% is “eaten”
becomes longitudinal mode.

Sequential Higher KK Modes...

Eztra Dimensions Christopher T. Hill, Fermilab #



‘ An Organizing Principle for 3 + 1 I

Kaluzsa-Klein spectrum of an extra dimension of
unknown geometry and topology.

How do we describe it in 3 + 1 Dimensions?

Aliphatic case — Effective Lagrangian of a Transverse
Wilsonian Lattice of an Extra Dimension.

|
&
2| o\ @,

SU@3), SU@B), SU@3), SU@3),- - - SUB),,

Continuum SU(3), on nth “brane.”

(Traneverse lattice: Bardeen, Pearson, I{ahin:‘wiﬂi}

Je
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Wilson Links are equivalent to Higgs fields

in spontaneously broken phase:
@, = vexp(ig [y Asdz?)

“Aliphatic” Theory has gauge group
MY*1SU(3), with N @, sequential links.
Analogue of Aliphatic Hydrocarbon

(CTH, Pokorski, Wang)

Manifestly Gauge Invariant Low Energy
Effective Theory Constructed Without
Knowing Complete High Energy Theory.
— Unawversality.

Eztra Dimensions Christopher T. Hill, Fermilab ﬁ



Theory with compact extra dimensions 18
indistinguishable from a particular 3 + 1

theoretical structure!

QCD — SU(3) x SU(3) x SU(3)...
Standard Model — [SU(3) x SU(2) x U(1)]"Y
Generic “Aliphatic” (SU(3)V*1, ") model —

Yang-Mills Lagrangian in 1 + 3 dimensions for
N + 1 copies of QCD:

N+1 1 N
Locp =~ ) 5T Fu;F* +) D,2D";
j=1 j=1

N + 1 gauge groups SU(3); with common g
N link-Higgs fields, ®; forming (3;,3;_1) reps.

Note: Ordinary 3 4+ 1 coordinates 2, u runs from 0 (time) through
(1,2, 3) space;
4 + 1 coordinates, n:A. A runs from 0,1, .., 4; % is the 5th dimension.

Eztra Dimensions Christopher T. Hill, Fermilab #



‘ The Kaluzsa-Klein Spectrum I

Renormalizable potential for the Higgs fields:

N
!
V(e;) = E [-—METr{@?) + xlTr{@j*) + 121&{4:?)2 +M det{¢-J}] :

j=1

— ®; develops diagonal VEV = vI3;
Higgs and U(1) PNGB must be heavy-

Thus:
®,; — vIzexp(ig; A*/2v)

®,; have become Wilson links.
¢? are ~ A} modes and are eaten.

®,; kinetic terms — gauge field mass matrix:
L
2,2 2
Z o9ILY (A?j—l)n — Aj,)
j=1

Mass term has the structure of a nearest neighbor
coupled oscillators (e.g. phonons in crystal)-

Eztra Dimensions Christopher T. Hill, Fermilab #



Diagonalize Mass Matrix:

, nw o=
M, = V/2grvsin [2(N—i— l)w wn=01¢ -V

For small n this system fakes a “KK tower:”
gLumTn

s V2(N +1)

n = 0 corresponds to My = 0, the gluon

n<<N

“zero-mode.”

To match onto geometrical KK modes:

grv 2mh 1

VN +1) ¢ R
R is “radius” of extra dimension, ¢ = 27 R.

Aliphatic system SU(3)¥*! and N ®; provides
gauge invariant description of gluon + N KK
modes.

Spectrum of KK modes reveals the
geometry/topology of the “extra dimensions;”

Extra Geometrical Dimensions lose absolute meaning!

“DeConstruction”

Eztra Dimensions Christopher T. Hill, Fermilab ﬁ



“DeConstruction”

{Arkani-Hamed, Cohen, Georgi)

The link-Higgs-fields can be generated
dynamically, e.g. fermion bilinear condensates
(Technicolor). Asymptotically Free Theory in
3+1.

Periodic Compactification:

Can use the extra A* zero mode
(pseudo-Nambu-Goldstone Boson) to engineer a
low mass Higgs Boson for Standard Model
Electroweak Symmetry Breaking.

Extra Dimenstons Christopher T. Hill, Fermilab ﬁ



Running of the Coupling Constants .

Above first coloron threshold:
el
Q%c D gi 93

s 92
If g1 = g2 = § we have: G2 =vV2gocp < Zjérﬂ
Above N coloron thresholds:

gessf = VNgQcD.

Thresholds spaced linearly — “power law running.”
Renormalization Group simple at 1-loop level:

Running of § between (M,,, M,_1) involves n modes
lighter than M,:

dg bo , _3
& Ma_1 < 1 < M
dlog u [nlﬁ'ﬂ'?]g’ 1spsM
L]
w-osp (e
|

Eztra Dimensions Christopher T. Hill, Fermilab #



Linear spectrum: n ~ &%" (or n =~ (I}‘?)P for p extra
dimensions):

-d.—g- ~ _bnept -3
dt = 16m2 g

t = In(p/Mk)

Exhibits power law running of coupling constant
characteristic of p extra dimensions:

p
1 1 bo Mg !
=2 0 e = aan >
g*(Mg) g*(Mk) 8r%p |\ Mk
Sum series for generic epectrum:
) s bg [z by - " bg
a (p)=a " (Mgzg)- —In( = —=—Nhn(—)+ —P(Mz)
4 M z 4m M4 4 £

Linear KK spectrum (from 4 4+ 1 theory) gives:
Fiin = In(N!) ~ Nln(N);

(Dienes, Dudas, Gerghetta; H.C. Cheng, Dobrescu, CTH)

Aliphatic theory gives:

Hf:l sin{ﬂ-ﬁﬁj}
sin[T—H—H N1 )ﬁ-

Difference between Fy;.. and F, ;.

aliphatic theory deviates from continuum theory:

Faii = In

provides measure on how much

Eztra Dimensions Christopher T. Hill, Fermilab #



10

Fiin (solid line) and F_;; (dashed line) as functions of N = Nmax-
N = 20 ie chosen for the plot. Deviation of F ;; from F};. is less than
10% at the high end.

Extra Dimensions Christopher T. Hill, Fermilab g



| Fermions .

Free fermion action:
[ ¢ B0 —2%0u - o(at)w

¢ is a background field giving mass.

Decompose 04 into “fast” components (high
momentum) and “slow” components (low
momentum).

Latticize the “slow” components.

If background field is ~constant then impose
(fast)04¥ = 0, i.e., “integrate out” high
momentum components.

Extra Dimensions Christopher T. Hill, Fermilab #



A general Fermionic Lattice Action
with gauge fields and link-Higgs-fields:

N

1

_E-:; [({’{")L"T“D”ﬂ’(“]L — ¢nw(n)pwin)g + (L + R})

n=1

+ (!P_{ﬂ + 1) ®env(n)g -t—‘-'.i’_[ﬂ},[,':'j;._"ﬁ(ﬂ +1lg — L+ R))]

Describes a Mass Matrix for a 3 + 1 Theory of N
Dirac Fermions coupled to Aliphatic Gauge Fields!

Egztra Dimensions Christopher T. Hill, Fermilab #
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(57 + )Y = o
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Chiral Fermions '

Chiral fermions are localizable in fifth dimension by
background fields.

(Jackiw, Rebbi; Kaplan; Arkani-Hamed, Schmaltz; et.al.)
If ¢(z*) swings through zero rapidly in the vicinity of
brane n, then impose (7°04 fast + ¢(z*))¥ =0
One chiral component of ¥ (corresponding to the

non-normalizable solution) projected to zero on the
brane. The zero-mode is kept.

The chiral zero mode is a dislocation in the lattice:

Brtra Dimensions Christopher T. Hill, Fermilab #



Finite renormalization effects due to the ¢ field:

5.\ P
[_ﬁ_l_ch (¢E:Z)) ]T&'(Gm«*)z

These renormalize g,

1 1 ¢(°) "
aneﬂorm i !Eﬁ _Zcp( M ) ]

— Not a coincidental effect.
(e.g., chiral fermion feed-back. )

Gauge coupling strength g, of SU(3), on

the n-th brane can be supercritical!

Extra Dimensions Christopher T. Hill, Fermilab ﬁ



Dynamical Chiral condensates

Introduce two flavors of fermions.

(Anumaly free if also include bﬁ.)

Identify ¥ = (t,b), t g as the chiral zero-modes on brane n; neighbor
links large and decouple at low energies. Recover a Topcolor model with

pure top quark condensation

(Nambu; Miransky, Tanabashi, Yamawaki; Bardeen, CTH, Lindner;

Dobrescu, CTH).
Top Quark Condensation via Topcolor:

1 2 n n+1 N

T ,:“"-\ et R
"  F
Gl
rd
o e O -
L
-
[ Pt x "L tR
-
K _~ {,_,'f
o ~l- N t.
L

J€
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‘ Topcolor Top Seesaw '

Some links to nearest neighbors may not be completely decoupled.
Background field renormalization; to warping-

Thus the mixing with heavy vectorlike fermions occure in addition to the
chiral dynamics on brane n.

Top Quark Seesaw Model:

Top Seesaw model is prime example of new organizing
principle leading to completely different paradigm for
the Higgs mechansm!

Extra Dimensions Christopher T. Hill, Fermilab ar



| Phenomenology of Top Seesaw Model I

Identify: Ty ~ \I"L, thn ™~ XE:» trL nd4l ™ XL~ tR._n*i'-l ~ tp; x is
usually introduced as vectorlike copy of t .

Mase matrix for t — x system is, {’ ",q_(}[_j GQN

0 Mix) t
"'(tL E’) ( H) + h.c.
p 4
(bxy  mxx 5
) {

Di lized:
iagonalize o FTo v

1 2
S lices L 2 2 2 2 2 L e g
e " 5 || Pxx T Bxe t My \/(“xx T T mtx) 485t Mix

™t J‘W\{_ s W__t‘!f e - f,r;?j (e

——
“is+“§:x Prex

(#xxﬁﬁﬂxtnmtx}

e = ol vl el 3 442 +md Y —aid nd

X = g | Pax TR tx Bxx T Hot tx Ft Mtx

2
— Hix+ﬂ-it y ™ ‘4““’ = "{'TJE\/.

(Byx Byt Mty )

Top Seesaw proposed in 1998. [t was DOA (dead on arrival) since outside
of the S-T ellipse by several o. (Chivukula, Dobrescu, Georgi, CTH)

In 1999, 5-T error ellipse sghifted along major axis toward upper right.

Theory consistent for natural values of its parameters at the 27 level
(He, CTH, Tait)

With My ~ 4TeV, the shift in the error ellipse was predicted by the
theory — Top Seesaw has scored a predictive phenomenological success!

Eztra Dimensions Christopher T. Hill, Fermilab #



More conservatively: The measured error ellipse is a determination of
heavy seesaw partner mass; obtain roughly: M, ~ 4 TeV.

High precision electroweak measuremente probing mass of heavy new

particle, the ¥ guark, significantly above the electroweak mass scale!

0.2

T 0.0

= 1000 GeV
o mHiggs

§* .3 I | 1 .

-0.3 0.0 0.3

The 68% and 95% C.L. S-T contours (solid), superimposing the Standard
Model curve for Higgs mass varying from 100 GeV up to 1000 GeV. The
pre-1999 95% ellipse iz shown with a dashed line. For the Top Seesaw
model with a 1 TeV composite Higgs, we show the 5-T contributions as a
function of ¥ mass. The data is therefore consistent with a ~ 1 TeV
Higgs and M, ~ 4.0TeV. (The S-T ellipses are taken from 1999

precision fit of M. Swartz; See (He, CTH, Tait) for expanded discussion)-

Eztra Dimensions
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‘ Blueprints for a Flavor Theory? I

Three brane approximation incorporating charm,
where C = (¢, s)L is a doublet zero-mode, and ¢ = cr
is a singlet zero mode, both trapped on brane 1 (we
assume the vectorlike partners of C' and c are
decoupled). Dirac flavor mixing between Cp1r; and
crtr1 can be rotated away by redefinition of ¥r; and

tLl « Cheng, CTH, Wang

€
Extra Dimensions Christopher T. Hill, Fermilab e



The flavor mixing (dashed lines) between

Cr [[(®/v)¥r12 and ¢r [[(®/v)tL2 cannot be rotated
away by redefinitions of ¥ r2 and tr2 without
generating effective kinetic term mixing which leads
to non-zero-mode flavor changing gluon vertices (in
the broken phase where & — v; this mixing is actually
a higher dimension operator). The charm quark mass
is thus generated when radiative corrections are
included (wavy line).

Eztra Dimensions Christopher T. Hill, Fermilab ﬁ



The extension to include the up quark in a 4-brane
model with radiatively generated mass and mixing.

Eztra Dimensions Christopher T. Hill, Fermilab #
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The fourth generation condensate generating the up
and down type quark masses.
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Conclusions '

e Extra dimensions viewed though
lattice/deconstruction generates new Lagrangian
structures «—— New Organizing Principles;

e Replicant K-K gauge groups: G — G X G X G...;

® Suggests New Dynamics for EWSB, e.g. dynamical
condensation via QCD, Top Seesaw, etc.:

® Suggests New Directions for Flavor Physics Model
Building
® Dimensional “Descent Cohomology” through

Lattice, “deconstruction;”

® Rich topological structures expected in any extra
dimensional theories expected at mass scale of
~ Mkk /.
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