
Tests of the Electroweak Theory

• History/introduction

• Weak charged current

• QED

• Weak neutral current

• Precision tests

• Rare processes

• CP violation and B decays

• Neutrino mass
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Announcements

• e-mail questions to carena@fnal.gov or pgl@fnal.gov (between
lectures)

• Slides and video at http://theory.fnal.gov/AcademicLectures.html

• Today and 12/6 in Curia II; others in One West

FNAL (December 1, 2005) Paul Langacker (Penn/FNAL) 27



π and K Decays, and the Strong Interactions

• Charged pion decay

π+→µ+νµ (πµ2) 99.99%

→e+νe (πe2) 1.23×10−4

→e+νeπ
0 (πe3) 1.025×10−8 π beta decay

• π0→2γ : 98.8%

– Electromagnetic

– Color counting via global
anomaly π0

γ

γ

– Typeset by FoilTEX – 1
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• Space reflection (parity): violated maximally by WCC, conserved
by strong interactions, since Jµ = Vµ−Aµ (also C; CP ∼ conserved)

P |π(~q)〉 = −|π(−~q)〉

PVµP −1 = V µ (P ~V P −1 = −~V , PV0P
−1 = V0)

PAµP −1 = −Aµ (P ~AP −1 = ~A, PA0P
−1 = −A0)

• Semi-leptonic processes for light hadrons/leptons

H =
GF√

2

[
J`µJh†

µ + J`µ†Jh
µ

]
=

GF√
2

[
µ̄γµ(1 − γ5)νµ + ēγµ(1 − γ5)νe

]
ūγµ(1 − γ5)d′ + HC

d′ ≡
∑

i=d,s,b

Vuidi ' d cos θc + s sin θc

(θc = Cabibbo angle; sin θc ' 0.22)
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• For π−→µ−ν̄µ

Jh†
µ = ūγµ(1 − γ5) d cos θc

≡ V †
µ − A†

µ

π0

γ

γ

π−(q)

µ−(p2) ν̄µ(p1)

– Typeset by FoilTEX – 1

M ≡ −i〈µ−(p2)ν̄µ(p1)|H|π−(q)〉

= −i
GF√

2
ūµγµ(1 − γ5)vν̄µ 〈0|Jh†

µ |π−(q)〉

• 〈0|Jh†
µ |π−(q)〉 involves strong interaction bound state → hard to

calculate (recent: lattice QCD calculation)
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• However, Jh†
µ is Lorentz vector →

〈0|Jh†
µ |π−(q)〉 = −i cos θc︸ ︷︷ ︸

convention

fπ qµ

– q = p1 + p2 is only 4-vector available

– fπ ≡ “pion decay constant”

– Related to pion ūd “wave function”
(expect fπ = O(ΛQCD) = O(100 MeV))

– fπ could depend on q2, but q2 = m2
π =

fixed

π0

γ

γ

π−(q)

µ−(p2) ν̄µ(p1)

d

ū

π−

– Typeset by FoilTEX – 1

• Can show (exercize) that 〈0|V †
µ |π−(q)〉 = 0 using parity invariance

(weak P violation already included explicitly to 1st order→ strong interaction

calculation)
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• Rate (exercize)

Γ(π→µν) =
G2

F cos2 θc

8π
f2

π m2
µ︸ ︷︷ ︸

matrix element

mπ

(
1 −

m2
µ

m2
π

)
︸ ︷︷ ︸

phase space

– Experiment: τπ± ∼ 2.60×10−8 s

– GF ∼ 1.17×10−5 GeV−2 from µ lifetime

– cos θc ∼ 0.975 from superallowed β decay

⇒ fπ ∼ 132 MeV ∼ 0.95 mπ
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• e/µ ratio

Γ(π→eν)

Γ(π→µν)
=

m2
e

m2
µ

(
m2

π − m2
e

m2
π − m2

µ

)
(1 + O(α)︸ ︷︷ ︸

rad. corr.

)

= 1.28×10−4 (1 + O(α)) = 1.23×10−4

– Experiment: (1.23 ± 0.02)×10−4

– V − A favors h`− = −1

– Angular momentum forces “wrong
helicity”

– Amplitude suppressed by m`/E`

⇐ ⇒
ν̄" "−

π−

– Typeset by FoilTEX – 1
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• Kaon decays

K+→µ+νµ (Kµ2) 63.5% fK/fπ

→e+νe (Ke2) 1.6×10−5

→µ+νµπ0 (Kµ3) 3.2% universality test

→e+νeπ
0 (Ke3) 4.8% universality test

→π+π0 (K2π) 21.2% nonleptonic

→π+π+π− (K3π) 5.6%

→π+π0π0 (K3π) 1.9%
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• K is also pseudoscalar, related to π by flavor SU(3)

〈0|Jh†
µ |K−(q)〉 = −i sin θc︸ ︷︷ ︸

convention

fK qµ

– fK = kaon decay constant

– In SU(3) limit fK = fπ

– However, SU(3) typically broken by 20-30%

Γ(K→µν) =
G2

F sin2 θc

8π
f2

K m2
µ mK

(
1 −

m2
µ

m2
K

)

• Observed rate + sin θc ' 0.221 from K`3 or hyperon decay:

fK ∼ 160 MeV ∼ (1.22 ± 0.01)fπ

(20% SU(3) breaking)
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• Pion beta decay (πe3), π±→π0e±(−)
νe

M = −i
GF√

2
ūeγ

µ(1 − γ5)vν̄e 〈π0(p2)|Jh†
µ |π−(p1)〉

– Parity: only vector current V †
µ ≡ cos θcūγµd contributes

– Lorentz invariance: only two momenta, p1,2 in hadronic matrix
element →

〈π0(p2)|V †
µ |π−(p1)〉 = cos θc[f+(q2)(p1µ+p2µ)+f−(q2)(p1µ−p2µ)]

– f±(q2) are form factors, which can depend on q2 ≡ (p2 − p1)2
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• Are f±(q2) totally unknown because of strong interactions? No!

• Symmetry rescues us. Strong interactions almost invariant under
global SU(2) isospin symmetry (broken at 1% level by electromagnetism

and by md − mu ∼ few MeV 6= 0)

• V †
µ/ cos θc ≡ ūγµd is generator of isospin

〈π0(p2)|V †
µ |π−(p1)〉 = cos θc[f+(q2)(p1µ+p2µ)+f−(q2)(p1µ−p2µ)]

• If isospin were exact, |f+(0)| =
√

2. Also, ∂µV †
µ = 0 ⇒

f−(q2) = 0 (cf non-renormalization of electric charge)
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• Conserved vector current (CVC): ūγµd, d̄γµu and 1
2(ūγµu−d̄γµd)

(isovector part of Jelm
µ = 1

2(ūγµu − d̄γµd)+ 1
6(ūγµu+ d̄γµd)) are related

by isospin and have same form factors (Was hypothesis. Natural in

quark model.)

• Ademollo-Gatto theorem: corrections to f+(0) from isospin
breaking are second order, ∼ 10−3 (negligible)

• For πe3, ∆ = mπ+ − mπ0 ∼ 4.6 MeV→ can neglect p2 − p1 term
and take f+(q2) ∼ f+(0). Neglecting me,

Γ(π±→π0e±(−)
νe) =

G2
F cos2 θc|f+(0)|2∆5

60π3
⇒ |f+(0)| = 1.37±0.02

Isospin: |f+(0)| =
√

2 + second order
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• K`3 decays: K+→`+ν`π
0, K0→`+ν`π

−, etc

〈π0(p2)|Vµ|K+(p1)〉 = |Vus|[fK+

+ (q2)(p1µ+p2µ)+fK+

− (q2)(p1µ−p2µ)]

– Write |Vus| rather than sin θc (most precise determination)

– Large energy release. Cannot neglect q2 dependence of form
factors or f− term

– Can measure them (linear or quadratic approximation) from

decay distributions, but need |fK+

+ (0)| and |fK0

+ (0)|
– Vµ are SU(3) generators →

√
2|fK+

+ (0)| ∼ |fK0

+ (0)| ∼ 1 + O(ε2)

where ε ∼ 20% is typical SU(3) breaking (Ademollo-Gatto)

– Detailed estimates (chiral perturbation theory): |fK0

+ (0)| ∼
0.961(8),

√
2|fK+

+ (0)| ∼ 1.022|fK0

+ (0)|
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• Vus from Kl3 extremely important for weak universality test

• Recent significant shift, KTEV (FNAL) and E865 (BNL)

0.21 0.215 0.22 0.225
IVusI f+(0)

PDG
E865 [10]

PDG
KTEV

Leutwyler and Roos [9]
Bijnens and Talavera [11]
Becirevic et al. [12]
Jamin et al. [13]

IVusI f+(0)

K+

KL

f+(0)(1-|Vud|
2-|Vub|

2)1/2

(from KTEV, PRL 93, 181802)
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β Decay and Related Processes

n→pe−ν̄e neutron

(N, Z)→(N − 1, Z + 1)e−ν̄e nuclear (heavy)

(N, Z)→(N + 1, Z − 1)e+νe nuclear (light, e.g., Sun)

`−p→nν` atomic e− or µ− capture

νen ↔ e−p, ν̄ep ↔ e+n inverse β decay

H =
GF√

2
Vud ēγµ(1 − γ5)νe ūγµ(1 − γ5)d + HC

• Radiative corrections divergent in Fermi theory, finite in
SU(2)×U(1)
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• Nuclear filter: Vµ (Fermi transition), Aµ (Gamow-Teller transition), or
both relevant

• Superallowed: 0+
i →0+

f in same isomultiplet

– Pure Fermi transition

– 〈0+
f |ūγ0d|0+

i 〉 = 1 + O(δ2), where δ = isospin breaking
(Ademollo-Gatto). Corrections tiny but critical.

– Best determination of |Vud| = 0.97377(11)(15)(19) (various
theoretical uncertainties) (Marciano, Sirlin, hep-ph/0510099)
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• Neutron β decay

〈p|ūγµ(1 − γ5)d|n〉

= ūp

γµf1(q2) +
iσµν

2m
qνf2(q2)︸ ︷︷ ︸

weak magnetism

+ qµf3(q2)︸ ︷︷ ︸
vanishes by CVC

− γµγ5g1(q2) −
σµνγ5

2m
qνg2(q2)︸ ︷︷ ︸

T−odd

− qµγ5g3(q2)︸ ︷︷ ︸
induced pseudoscalar

un

∼ ūpγµ(gV − gAγ5)un

– q = pp − pn, gV ∼ 1 + O(δ2)

– gA 6= 1, since no symmetry prevents large strong interaction
effect (Adler-Weisberger estimate: gA = O(1.25))
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• Lifetime ∝ G2
F |V 2

ud|m5
e(g

2
V + 3g2

A)

• Asymmetries w.r.t. n polarization, e − ν̄ correlation
(e.g., ILL (Grenoble)) →gA/gV

|Vud| = 0.9725(13) gA/gV = 1.2695(29)
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CKM Universality

• Universality of quark and lepton couplings (required by gauge theory)

and unitarity of CKM relate µ, β, K`3, and b→u`−ν̄`

• Measure GF |Vui|. Divide by GF from µ decay→ |Vui|

• Expect
|Vud|2︸ ︷︷ ︸

β

+ |Vus|2︸ ︷︷ ︸
K`3

+ |Vub|2︸ ︷︷ ︸
negligible

= 1
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• Severe constraint on new interactions, WR, WL − WR mixing,
fermion-exotic mixing, neutrino-exotic mixing (excludes some

explanations of NuTeV)

– For many years, appeared to be 2σ discrepancy,
∑

|Vui|2 ∼
0.9969(15)

– Particle physicists doubted nuclear physics (|Vud|)
– But problem was really in Vus from K`3!

• Current:
∑

|Vui|2 ∼ 0.9992(5)ud(4)us(8)f+(0)
(M.S., hep-ph/0510099)

• Without radiative corrections, would find ∼ 1.04! These are only
finite and meaningful in full SU(2)×U(1) gauge theory
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Quantum Electrodynamics (QED)

Incorporated into standard model

Lagrangian:

L = −
gg′√

g2 + g′2
Jµ

Q(cos θW Bµ + sin θW W 3
µ)

Photon field (A = γ):

Aµ = cos θW Bµ + sin θW W 3
µ

Positron electric charge: e = g sin θW , where tan θW ≡ g′/g
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Electromagnetic current:

Jµ
Q =

F∑
m=1

[
2

3
ū0

mγµu0
m −

1

3
d̄0

mγµd0
m − ē0

mγµe0
m

]

=
F∑

m=1

[
2

3
ūmγµum −

1

3
d̄mγµdm − ēmγµem

]

Flavor diagonal: Same form in weak and mass bases because fields
which mix have same charge

Purely vector (parity conserving): L and R fields have same charge
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Quantum Electrodynamics

Experiment Value of α−1 Difference from α−1(ae)

Deviation from gyromagnetic 137.035 999 58 (52) [3.8 × 10−9] –

ratio, ae = (g − 2)/2 for e−

ac Josephson effect 137.035 988 0 (51) [3.7 × 10−8] (0.116 ± 0.051) × 10−4

h/mn (mn is the neutron mass) 137.036 011 9 (51) [3.7 × 10−8] (−0.123 ± 0.051) × 10−4

from n beam

Hyperfine structure in 137.035 993 2 (83) [6.0 × 10−8] (0.064 ± 0.083) × 10−4

muonium, µ+e−

Cesium D1 line 137.035 992 4 (41) [3.0 × 10−8] (0.072 ± 0.041) × 10−4

Spectacularly successful:

Most precise: e anomalous magnetic moment → α

Many low energy tests to few ×10−8

mγ < 6×10−17 eV

qγ < 5×10−30|e|
High energy well-measured (PEP, PETRA, TRISTAN, LEP)
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The Anomalous Magnetic Moment of the Muon

• Muon aµ ≡ gµ−2
2 sensitive to new physics ( usually ∼ (mµ/MX)2)

aSM
µ = aQED

µ + aHad
µ + aEW

µ

• aQED
µ known to four loops (3 analytic); leading logs to five

µ µ

γ

µ µ

γ

e
µ µ

γ

µ µ

γ

had vac
µ µ

γ

had ll

– Typeset by FoilTEX – 1
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aQED
µ =

α

2π
+ 0.765857376(27)

(
α

π

)2

+24.05050898(44)
(

α

π

)3

+ 126.07(41)
(

α

π

)4

+930(170)
(

α

π

)5

= 1165847.06(3)×10−9

• aEW
µ = 1.52(3)×10−9 (goal of experiments) includes leading 2 and 3

loops (cancellation)

µ

Z

µ

µ µ

γ

W

ν

W

µ µ

γ

µ

h

µ

µ µ

γ

– Typeset by FoilTEX – 1

FNAL (December 1, 2005) Paul Langacker (Penn/FNAL) 51



• Biggest uncertainty: aHad
µ = hadronic vacuum polarization (2 loop)

and hadronic light by light (3 loop)

aHad vac
µ =

1

3

(
α

π

)2 ∫ ∞

4m2
π

ds

s
K(s)︸ ︷︷ ︸

fnc of m2
µ/s

σ(e+e−→had)

σ(e+e−→µ+µ−)
µ µ

γ

µ µ

γ

e
µ µ

γ

µ µ

γ

had vac
µ µ

γ

had ll

– Typeset by FoilTEX – 1

– aHad vac
µ : discrepancy between e+e− (new KLOE, SND)

and τ decay (isospin violation?)

– aHad l.l.
µ sign now settled down. Small but non-negligible
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• aexp
µ = 1165920.80(63)×10−9 (dominated by BNL 821)
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39

140 150 160 170 180 190 200 210

aµ – 11 659 000    (10–10)

BNL-E821 04

DEHZ 03 (e+e–-based)

DEHZ 03 (τ-based)

HMNT 03 (e+e–-based)

J 03 (e+e–-based)

TY 04 (e+e–-based)

DEHZ 04 (e+e–-based)

BNL-E821 04

180.9 ± 8.0

195.6 ± 6.8

176.3 ± 7.4

179.4 ± 9.3 (preliminary)

180.6 ± 5.9 (preliminary)

182.8 ± 7.2 (preliminary)

208 ± 5.8

FIG. 20 Comparison of the result (72) (Höcker, 2004) labelled DEHZ 04 with the BNL measurement (Muon (g − 2)
Coll., 2004). Also given are the previous estimate (Davier et al., 2003b), where the triangle with the dotted error
bar indicates the τ -based result, as well as the estimates from (Hagiwara et al., 2004; Jegerlehner, 2003; Troconiz and
Yndurain, 2004), not yet including the KLOE data.

F. Comparing aµ between theory and experiment

Summing the results from the previous sections on aQED
µ , aEW

µ , ahad,LO
µ , ahad,NLO

µ , and ahad,LBL
µ , one obtains

the SM prediction for aµ. The newest e+e−-based result reads (Höcker, 2004)

aSM
µ = (11 659 182.8± 6.3had,LO+NLO ± 3.5had,LBL ± 0.3QED+EW) × 10−10 . (72)

This value can be compared to the present measurement (61); adding all errors in quadrature, the difference
between experiment and theory is

aexp
µ − aSM

µ = (25.2 ± 9.2) × 10−10 , (73)

which corresponds to 2.7 “standard deviations” (to be interpreted with care due to the dominance of exper-
imental and theoretical systematic errors in the SM prediction). A graphical comparison of the result (72)
with previous evaluations (also those containing τ data) and the experimental value is given in Fig. 20.

Whereas the evaluation based on the e+e− data only disagrees with the measurement, the evaluation
including the tau data is consistent with it. The dominant contribution to the discrepancy between the two
evaluations stems from the ππ channel with a difference of (−11.9±6.4exp±2.4rad±2.6SU(2) (±7.3total))×10−10,
and a more significant energy-dependent deviation10. As a consequence, during the previous evaluations of
ahad,LO

µ , the results using respectively the τ and e+e− data were quoted individually, but on the same footing
since the e+e−-based evaluation was dominated by the data from a single experiment (CMD-2).

The seeming confirmation of the e+e− data by KLOE could lead to the conclusion that the τ -based result
be discredited for the use in the dispersion integral (Höcker, 2004). However, the newest SND data (SND-2
Coll., 2005) alter this picture in favor of the τ data, along with prompting doubts on the validity of the
KLOE results (see discussion in Section V.C). Comparing the SND and CMD-2 data in the overlapping
energy region between 0.61 GeV and 0.96 GeV, the SND-based evaluation of ahad,NLO

µ is found to be larger by
(9.1±6.3)×10−10. However, once these two experiments are averaged using the trapezoidal rule, the increase

10 The systematic problem between τ and e+e− data is more noticeable when comparing the τ− → π−π0ντ branching frac-
tion with the prediction obtained from integrating the corresponding isospin-breaking-corrected e+e− spectral function (cf.
Section V).

• e+e− data: aexp
µ − aSM

µ =
2.5(9)×10−9 (2.7σ)

• τ decay data: no discrepancy
(0.7σ)

• Supersymmetry: central value
(e+e−) for mSUSY ∼ 72

√
tan β

GeV

µ̃

χ0

µ̃

µ µ

γ

χ−

ν̃

χ−

µ µ

γ

– Typeset by FoilTEX – 1
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Running of α

• Largest theory uncertainty in MZ − sin2 θW (cf. ahad
µ )

α(M2
Z) =

α

1 − ∆α !

γ γ

t had

– Typeset by FoilTEX – 1

∆α = ∆α` + ∆αt + ∆α
(5)
had

∼ 0.03149769 − 0.000070(5) + ∆α
(5)
had

α−1 ∼ 137.036
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• Calculation of ∆α
(5)
had

– Data driven: Rhad up to ∼
40 GeV; PQCD above

– Theory driven: PQCD +
NPQCD (OPE, sum rules)
above ∼ 2 GeV → smaller
uncertainties

– e+e− data vs τ decays

– Table for αs= 0.120

– Correlation with gµ − 2

• α(MZ)−1 = 128.954 ± 0.031

10. Electroweak model and constraints on new physics 5

Table 10.1: Recent evaluations of the on-shell ∆α
(5)
had(MZ).

For better comparison we adjusted central values and errors to
correspond to a common and fixed value of αs(MZ) = 0.120.
References quoting results without the top quark decoupled
are converted to the five flavor definition. Ref. [31] uses
ΛQCD = 380 ± 60 MeV; for the conversion we assumed
αs(MZ) = 0.118 ± 0.003.

Reference Result Comment

Martin & Zeppenfeld [21] 0.02744± 0.00036 PQCD for
√

s > 3 GeV

Eidelman & Jegerlehner [22] 0.02803± 0.00065 PQCD for
√

s > 40 GeV

Geshkenbein & Morgunov [13] 0.02780± 0.00006 O(αs) resonance model

Burkhardt & Pietrzyk [24] 0.0280± 0.0007 PQCD for
√

s > 40 GeV

Swartz [25] 0.02754± 0.00046 use of fitting function

Alemany, Davier, Höcker [26] 0.02816± 0.00062 includes τ decay data

Krasnikov & Rodenberg [27] 0.02737± 0.00039 PQCD for
√

s > 2.3 GeV

Davier & Höcker [28] 0.02784± 0.00022 PQCD for
√

s > 1.8 GeV

Kühn & Steinhauser [29] 0.02778± 0.00016 complete O(α2
s)

Erler [16] 0.02779± 0.00020 converted from MS scheme

Davier & Höcker [30] 0.02770± 0.00015 use of QCD sum rules

Groote et al. [31] 0.02787± 0.00032 use of QCD sum rules

Martin, Outhwaite, Ryskin [32] 0.02741± 0.00019 includes new BES data

Burkhardt & Pietrzyk [33] 0.02763± 0.00036 PQCD for
√

s > 12 GeV

de Troconiz & Yndurain [34] 0.02754± 0.00010 PQCD for s > 2 GeV2

Jegerlehner [35] 0.02765± 0.00013 converted from MOM scheme

Hagiwara et al. [36] 0.02757± 0.00023 PQCD for
√

s > 11.09 GeV

Burkhardt & Pietrzyk [37] 0.02760± 0.00035 includes KLOE data

to values which differ by small factors depending on mt and MH . The
notation for these schemes is shown in Table 10.2. Discussion of the
schemes follows the table.

(i) The on-shell scheme [48] promotes the tree-level formula sin2 θW =
1 − M2

W /M2
Z to a definition of the renormalized sin2 θW to all

orders in perturbation theory, i.e., sin2 θW → s2
W ≡ 1−M2

W /M2
Z :

MW =
A0

sW (1 −∆r)1/2
, (10.5a)

MZ =
MW

cW
, (10.5b)

where cW ≡ cos θW , A0 = (πα/
√

2GF )1/2 = 37.2805(2) GeV,
and ∆r includes the radiative corrections relating α, α(MZ),
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• Measurements: DORIS, PEP, PETRA, TRISTAN, LEP II
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