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I. Many Faces of 
QCD



I. Many Faces of QCD



I-a.       Scale Dependence in QCD 
Asymptotic Freedom Confinement

Force at Long Distance--Constant    
Tension/Linear Potential, 
Coupling increasing, Quarks and 
Gluons strongly bound <==> 
“Stringy Behavior”



Examples:

• Perturbative:
– Fixed-Angle exclusive scattering, jet production, 

DIS, etc.
• Non-Perturbative:

– Meson spectrum, near-forward scattering, etc.
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QCD Rutherford Experiment

At WIDE ANGLES QCD exhibits power law behavior:

where  n= ∑i ni is the  number of  ``partons''  in external lines.

Actually QCD is only conformal up to small asymptotic freedom logs.

The  OPE gives 

in terms of the lowest twist  τi.



Nonperturbative
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Confinement-Deconfinement Probing 5th Dimension via 
lattice Simulation 



α(t) ' α’ t +  α0

where α(t = M2) = J 

Regge trajectory:



Regge Behavior and Regge 
Trajectory
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1 Formula

A ∼ sJ(t) = sα(0)+α′t (1)

2 Executive Summary: 9/16/06

Working in the j-plane, our kernel is K0(u, u′, j, t) = (1/2)
∫ ∞
−∞ dν ψ(ν,u)ψ∗(ν,u′)

j+ν2 , where nor-

malized wave-functions are ψ(ν, u) =
√

2/πqiνKiν(z0

√

|t|e−u)/Γ(iν). Kernel in coordinate
space, is defined by, with t = −$q2,

K̃0(u,$b, j, u′,$b′) =

∫

d2$q

2π
ei$q·($b−$b′)K0(u, u′, j, t). (2)

This can be done in two ways: (1) taking Fourier transform directly, or (2) expressing in
terms of transforms of the wave functions. [The j-dependence will be adjusted to take into
account of BFKL factor, j0, by changing j + ν2 to c(j − j0) + ν2, where c = 2

√
λ.] Here are

the results:

(1) Direct Fourier transform, (using G-R: 6.578.10), leads to, after ν-integration,

K̃(u,$b, j, u′,$b′) ≡ e−(u+u′)K̃0(u,$b, j, u′,$b′) =
e−η

√
c(j−j0)

4πz2
0 sinh η

(3)

where z = z0e−u, z′ = z0e−u′

, and cosh η = z2+z′2+($b−$b′)2

2zz′

(2) Using wave-function in coordinate space, ψ̃(ν, u,$b) =
[

√

2/π iν
2−iνz0e−u

][

z0e−u

|$b|2+(z0e−u)2

]1+iν
,

we arrive at

K̃(u,$b, j, u′,$b′) = e−(u+u′)

∫

d2$b0

8π2

∫ ∞

−∞
dν

ψ̃(ν, u,$b−$b0) ψ̃∗(ν, u′,$b′ −$b0)

c(j − j0) + ν2

=

∫

d2$b0

4π3

∫ ∞

−∞
dν (

ν2

c(j − j0) + ν2
)
[ e−u

|$b −$b0|2 + (z0e−u)2

]1+iν [ e−u′

|$b′ −$b0|2 + (z0e−u′)2

]1−iν
(4)
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I-b. Diffractive 
Scattering
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Total Cross Sections 
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Figure 1: γγ, γp and p̄p(pp) total cross sections as a function of the center of mass
energy

√
s, which stands respectively for Wγγ ,

√
sγp and

√
spp. Note that we have used

three different units. The bottom curves were calculated in Ref.[17] and for the data
points (close circles for pp and triangles for p̄p) see Ref.[18]. The middle curve was
calculated in Ref.[16] and the higher energy data points are from Refs.[19, 20]. The
top curves are the impact-picture prediction compared to the LEP data, Ref.[1] (open
circles), Ref.[2](close circles, preliminary data), solid curve with AL = 8.5.10−6 and
Ref. [3] (stars, preliminary data) dotted curve with AO = 10−5.
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CDF Diffractive Events at Fermilab Tevatron pbar-p Collider

http://www-cdf.fnal.gov/~terashi/evd/diff_evd.html 
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CDF Diffractive Events at Fermilab Tevatron pbar-p Collider
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Di-Jet

Candidate
high pT
diffractive
dijet
events
with a
Roman Pot
track in
Run II :
pbar + p --
> (pbar +
gap) + (jet
+ jet + X).

Jet 1(2) ET = 66(63) GeV
xi= 0.066, |t|=0.015 GeV^2

[EPS][GIF]

ET
tower threshold = 0.1 GeV

[EPS][GIF]

Double

Diffractive

Di-Jet

Candidate
high pT
double
diffractive
dijet
events in
Run II :
pbar + p --
> (jet + X)
+ gap +
(jet + X)
with a
signature
of two jets
with a
rapidity
gap in-
between.

Jet 1(2) ET = 35(32) GeV
Jet1(2) eta = 2.3(-2.5)

[EPS][GIF]

ET
tower threshold = 0.2 GeV

Candidate
double
Pomeron

Jet 1(2) ET = 28(18) GeV
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Diffraction at DØ
Andrew Brandt

University of Texas, Arlington

•  Intro and  Run I Hard Diffraction Results
•  Run II and Forward Proton Detector

Physics Colloquium
November 5, 2003
UTA

E

ηφ
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Why study Diffractive W Boson?



Double Diffractive Dijet
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Exclusive Dijet
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BFKL Pomeron, High Gluon Density



Small-x in DIS: 
Perturbative or Non-perturbative?

Anomalous Dimension of 

Leading twist operator

Regge Behavior



II. Gauge/String Duality



QCD, Gauge/String Duality, and High Energy Collisions

3+1 Yang Mills 3+1+1  AdS5 like String Theory



Maldacena’s Gauge/String Duality

Open String  <=====> Closed String

duality
YM Wilson Loops <---> Expectation Values in Bulk!



Gauge-String Duality

• gauge coupling <-------> 1/gauge coupling

• dimensions:   4 <--------> 4+1 + ( 5 )

• Degrees of freedom:

• Gauge theory:  quarks and gluons
• String Dual: metric fluctuations about AdS, etc.
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Gravity vs Y.M. on Brane



Scale Invariance and AdS



Scale Invariance and the 5th dimension

Strings (Gravity) in AdS5 ´ (SUSY) Yang Mills 

String/Glueball

Large Sizes



Cutoff AdS5

Large Sizes

String/Glueball

Add Confinement
IR wall!



Gauge/String Dual: 
with Confinement

Identify model independent features

Use models to provide concrete 
mathematical realization of Gauge/String 
for QCD

For simplicity, mostly use Hard-Wall 
Model



II-a.  Early Years 
Failures  of  (flat space) String for QCD

(i) ZERO MASS STATE (gauge/graviton)
(ii) EXTRA SUPER SYMMETRY
(iii) EXTRA DIMENSION    4+6 = 10
(iv) NO HARD PROCESSES! (totally wrong 

dynamics)
Wide angle is ridiculous:

Strings are too soft:  

Form Factors do not 
exist!

 No longitudinal modes on the Flux tube, etc.



Need to give mass to 

t=0 t>0t<0

J

Regge α(t)

2++

Graviton

1--

Photon/Gluon

Closed String

Open String

Need Hard 
Collisions

•Fixed-Angle
•DIS
•Etc.

Need to Confront 
Exp: HE Collisions,

Spectrum, etc.



II-b: How to give mass to Graviton turning into 2++Glueball?

t=0 t>0t<0

JRegge α(t)

2++

Graviton

1--

PhotonClosed String

Open String

Glueball

Rho

Maldacena: “Solution put 10-d (super) strings in curved space”

first example:  AdS5 £ S5 string  ´   N = 4 Super Conformal YM in 4-d



4-Dim Massive Graviton 

0= E2 - (p1
2 + p2

2 + p3 2 + pr
2)

5-Dim Massless Mode:

If, due to Curvature in fifth-dim, pr
2 ≠ 0,

 E2 =  (p1
2 + p2

2 + p3
2) + M2

Four-Dimensional Mass:



III. Gauge/String
 Duality

with confinement

Scale Invariance: Hard Scattering, DIS, 
etc.

Confinement: Particle Spectrum, etc.

Pomeron as Massive Graviton



IIIa. Spectrum



IIIa.   Glueballs at g2Nc = 1

Strong coupling Dual to Gravity 



Gravity vs Y.M. on Brane



Glueball Spectrum

R. Brower, S. Mathur, and C-I Tan, hep-th/0003115, “Glueball Spectrum of QCD 
from AdS Supergravity Duality”.





Tensor Glueball/Graviton Wave 
functions

n=1 n=3

n=8 Potential

n=0

Randall-Sundram gravitonrmin
r





Approx. Scale Invariance and the 5th dimension

r  ! r = 
rmi

 r 
-Δ

r-

rΔ -4

Hadron Glueball Massive CurrentΦ(r)

IR 



References:

Witten: hep-th/9803131,

Jevicki, et al., hep-th/9806125,

Ooguri, et al., hep-th/9806021,

Brower, Mathur, Tan, hep-th/0003115,

Pando Zayas, et al., hep-th/0311190,

……….



IIIb: QCD Rutherford Experiment

At WIDE ANGLES QCD exhibits power law behavior:

where  n= ∑i ni is the  number of  ``partons''  in external lines.

Actually QCD is only conformal up to small asymptotic freedom logs.

The  OPE gives 

in terms of the lowest twist  τi.



Wide Angle Scattering
The 2-to-m glueball scattering amplitude T(p1,p2,L, pm+2) for  plane wave glueball:

This is a check on the underlining universality of Maldacena's duality conjecture.

scatter via the string(M-theory) amplitude: A(pi, ri, Xi)  in the 10-d (or 11-d) bulk space 
(x,r,Y):

• AdS5 £ X with IR cut-off on r > rmin or 10-d IIB string theory
• AdS7 £ S4$ Black Hole with horizon r = rmin  or  11-d M-theory.

We now discuss two different approaches to the QCD string that both give the
correct parton scaling formula. 



Approx. Scale Invariance and the 5th dimension

r  ! r = 
rmi

r-

r-

rΔ -4

Hadron Glueball Massive CurrentΦ(r)

IR 



Summary on  Hard Scattering

(3) Compared with lowest order perturbative results:

(1) AdS5 Hard Scattering (PolchinskiStrassler):

 WHY is it same QCD perturbative result with g2N ! (g2N)^2?

(2) AdS7 Hard Scattering (Brower-Tan):

WHY does this only depend on the string tension?



IV: The Pomeron



The Pomeron

Will show that in gauge theories with string-
theoretical dual descriptions, the Pomeron 
emerges unambiguously from tree-level string 
scattering amplitudes.

Pomeron can be identified as Massive 
Graviton.

Both the IR Pomeron and the UV Pomeron 
are dealt in a unified single step.



BFKL vs Soft Pomeron
• Perturbative QCD
• Short-Distance
•  αBFKL (0) ~ 1.4

• Increasing Virtuality
• No Shrinkage of elastic 

peak
• Fixed-cut in t
• Diffusion in Virtuality
•   

• Non-Perturbative
• Long-distance: 

Confinement
•  αP(0) ~ 1.08
• Fixed trans. Momenta
• Shrinkage of Elastic 

Peak:  <|t|> ~1/ log s
•  α’(0) ~ 0.3 Gev-2

• Diffusion in  impact 
space

Unified treatment in terms of diffusion in AdS 
with confinement deformation

Brower, Polchinski, Strassler, CIT (hep-th/0603115)



BFKL (Balitsky-Lipatov-Fadin-Kuraev)

Weak Coupling:

 Weak perturbation theory: 1st order in αs and all orders  (αs log s)n

  Implies “planar” diagrams (e.g. Nc = 1) and conformal scaling 
  BFKL is essentially a large Nc CFT results!

Diffusion in “virtuality”  k?

BFKL Summation: Scale Invariance



Regge Behavior in AdS5

t $ - r 2

1 Formula

A ∼ sJ(t) = sα(0)+α′t (1)
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α(0) > 1 (3)

2 Executive Summary: 9/16/06

Working in the j-plane, our kernel is K0(u, u′, j, t) = (1/2)
∫ ∞
−∞ dν ψ(ν,u)ψ∗(ν,u′)

j+ν2 , where nor-

malized wave-functions are ψ(ν, u) =
√

2/πqiνKiν(z0

√

|t|e−u)/Γ(iν). Kernel in coordinate
space, is defined by, with t = −&q2,

K̃0(u,&b, j, u′,&b′) =

∫

d2&q

2π
ei$q·($b−$b′)K0(u, u′, j, t). (4)

This can be done in two ways: (1) taking Fourier transform directly, or (2) expressing in
terms of transforms of the wave functions. [The j-dependence will be adjusted to take into
account of BFKL factor, j0, by changing j + ν2 to c(j − j0) + ν2, where c = 2

√
λ.] Here are

the results:

(1) Direct Fourier transform, (using G-R: 6.578.10), leads to, after ν-integration,

K̃(u,&b, j, u′,&b′) ≡ e−(u+u′)K̃0(u,&b, j, u′,&b′) =
e−η

√
c(j−j0)

4πz2
0 sinh η

(5)

where z = z0e−u, z′ = z0e−u′

, and cosh η = z2+z′2+($b−$b′)2

2zz′

(2) Using wave-function in coordinate space, ψ̃(ν, u,&b) =
[

√

2/π iν
2−iνz0e−u

][

z0e−u

|$b|2+(z0e−u)2

]1+iν
,

we arrive at

K̃(u,&b, j, u′,&b′) = e−(u+u′)

∫

d2&b0

8π2

∫ ∞

−∞
dν

ψ̃(ν, u,&b−&b0) ψ̃∗(ν, u′,&b′ −&b0)

c(j − j0) + ν2

=

∫

d2&b0

4π3

∫ ∞

−∞
dν (

ν2

c(j − j0) + ν2
)
[ e−u

|&b −&b0|2 + (z0e−u)2

]1+iν [ e−u′

|&b′ −&b0|2 + (z0e−u′)2

]1−iν

(6)

1



Regge in Flat SpaceRegge in Flat Space



Regge in Curved Space



Effective Hamiltonian at t=0



Diffusion in AdS:    u = log r



Comparison of Diffusion in AdS and BFKL



BFKL is Regge in AdS



Comments



IVb. Synthesis of 
Hard (BFKL) and 

Soft (Confinement)
Pomeron



IV-b. Synthesis of Hard (BFKL) & Soft (Regge) Pomeron



Pomeron in Confined AdS Deformation

Confinement----> Regge trajectory, Resonances, etc.

Simplest Model: Hard-Wall

•V(u) = -t e-u    ,  0 < u < 1 

•Attractive for t >0, Regge Pole + BFKL cut

•t < 0 only scattering state for BFKL

t < 0

t >0

V(u)

Hard Wall at r = r_{min}



Hardwall Regge Spectrum and Cut



Pomeron in QCD



Summary: QCD String/Gauge Duality in AdS



Summary

• Gauge/String Duality allows us to compute Pomeron propagator 
in gauge theories with large ‘t Hooft coupling λ and large N.

• Expansion in λ-1/2

• Obtain for all t:

- Gluballs and their trajectories at t > 0,
- The Soft Pomeron at |t| < Λ, (4d Regge physics)
- The BFKL hard Pomeorn at large negative t, (5d Regge 
physics)

 See BFKL cut and the Regge trajectories in theories with a 
conformal UV and IR confinement.



Summary (continued)

• Adding a running coupling, we see the BFKL poles moving 
continuously as a function of t and becoming the Regge trajectories 
at t > 0

• A Pomeron vertex operator is introduced into string theory and 
proves useful for the computations.

• Clarify relation between DGLAP and BFKL operators, e.g., Δ(j),  
its λ dependence, and its appearance in string theory.

 Many applications remain to explore; many questions remain to be 
answered.



Lesson from AdS/CFT dual description of Diffraction



V. Beyond Pomeron

• Exclusive Production:
– Diffractive Vector meson production at LHC, 

Higgs production, etc.
• Inclusive Production:

– Diffraction Dissociation, Double DD, etc.
– DIS, etc.

• Eikonal Summation:
– Summing Witten Diagrams--(in progress)

• Heavy Ion Physics:
– viscosity, “black hole” production, etc. 67



Small-x in DIS: 
Perturbative or Non-perturbative?

Anomalous Dimension of 

Leading twist operator

Regge Behavior



Spin vs Dimension

j

      L0= j/2  +  (1/4λ1/2)[ ν2 +4]



Unified Treatment of Spin vs Dimension

λ = 0 Anomalous 
Dim=0  

λ = 0, BFKL

(4,2) and (0,2) have zero anomalous dimension

inversion symmetry:  Δ  4 - Δ 



Near j=1, Δ=3:



Summing over Graviton Loops
(in progress)

• Using Witten Diagrams
• AdS Propagator
• Reduction from AdS5 to AdS3 at high 

energies
• Pomeron Calculus
• ........

72



Small-x Saturation:
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in powers of lnQ2, generally consistent with and moti-
vated by the lnQ2 variation expected in QCD. We note,
moreover, that the H1 collaboration [4] determined that,
for fixed x, the Q2 dependence of F p

2
(x, Q2) is repro-

duced by the form F p
2
(x, Q2) = α0(x) + α1(x) ln(Q2) +

α2(x) ln2(Q2). We therefore expand the functions A(Q2)
and B(Q2) as

A(Q2) = a0 + a1 lnQ2 + a2 ln2 Q2,

B(Q2) = b0 + b1 lnQ2 + b2 ln2 Q2, (2)

terminating these phenomenological expansions at the
quadratic level.

We fit simultaneously the x dependence and the Q2 de-
pendence of the data (Q2 is expressed in GeV2 through-
out). We determine the 6 real constants a0, a1, a2, b0, b1

and b2 in Eq. (2) using the Sieve algorithm [5], by mini-
mizing the squared Lorentzian,

Λ2

0(α; x) ≡
N

∑

i=1

ln
{

1 + 0.179∆χ2

i (xi; α)
}

, (3)

where χ2(α; x) ≡
∑N

i=1
∆χ2

i (xi; α), ∆χ2
i (xi; α) ≡

([ȳi(xi; α) − yi(xi)] /σi)
2, α is the parameter space vec-

tor, and ȳi(xi; α) is the theoretical value of the measured
yi at xi, with measurement error σi. Using a ∆χ2

i max
cut

of 6, we find (see Table I) a final corrected χ2/d.f.=1.09,
for 169 degrees of freedom (d.f.), a reasonable fit. The
data used are 24 ZEUS data sets, with Q2 =0.11, 0.25,
0.65, 2.7, 3.5, 4.5, 6.5, 8.5, 10, 12, 15, 18, 22, 27, 35, 45,
79, 90, 120, 200, 250, 450, 800 and 1200 GeV2. The sift-
ing algorithm eliminated 8 outlier points from a total of
183. These 8 points had a total χ2 of 63.45, illustrating
the value of the Sieve algorithm to eliminate outliers.

The quality of our fit to the x and Q2 dependences

of the data for x ≤ xP , Q2

x
$ m2 is shown in Fig. 1

where we show a representative plot of 13 of the data
sets. Inspection of Fig. 1 shows that the fit is quite
good over the large Q2 range of the ZEUS [3] data. The
6 fit parameters are given in Table I, along with their
statistical errors.

Our successful fit provides us with a closed formula
for the proton structure function at very small x and
very high virtuality—satisfying unitarity at tiny x, since
Eq. (1) saturates the Froissart bound.

Evaluation of ∂F p
2 x(x, Q2)/∂ ln(Q2). Differentiating

Eq. (1) with respect to ln(Q2), we obtain

∂F p
2 x(x, Q2)

∂ ln(Q2)
= (1 − x) ×

{

(

a1 + 2a2 lnQ2
)

ln

[

xP

x

1 − x

1 − xP

]

+

(

b1 + 2b2 lnQ2
)

ln2

[

xP

x

1 − x

1 − xP

]}

, (4)

an analytic expression valid for x ≤ xp and Q2/x $ m2.
We show a plot of ∂F p

2 x(x, Q2)/∂ ln(Q2) in Fig. 2 for a

FIG. 1: Fits to the proton structure function data, F p
2 (x,Q2)

vs. x, for 13 values of Q2. The data are from the ZEUS
collaboration [3]. The curves show 13 of our 28 global
fits whose parameters are given in Table I. The vertical
and horizontal straight lines intersect at the scaling point
xP = 0.09, F p

2
(xP) = 0.41.

TABLE I: Results of a 6-parameter fit to F p
2 (x,Q2) structure

function data[3] using the x and Q2 behaviors of Eq. (1) and
Eq. (2), with Q2 in GeV2. The renormalized χ2

min per degree
of freedom, taking into account the effects of the ∆χ2

i max = 6
cut [5], is given in the row labeled R×χ2

min/d.f. The errors in
the fitted parameters are multiplied by the appropriate rχ2[5].

Parameters Values

a0 −5.381 × 10−2
± 2.17 × 10−3

a1 2.034 × 10−2
± 1.19 × 10−3

a2 4.999 × 10−4
± 2.23 × 10−4

b0 9.955 × 10−3
± 3.09 × 10−4

b1 3.810 × 10−3
± 1.73 × 10−4

b2 9.923 × 10−4
± 2.85 × 10−5

χ2
min 165.99

R× χ2
min 184.2

d.f. 169

R× χ2
min/d.f. 1.09

set of values of x, and we compare our expectations to
the values measured by the H1 collaboration [4]. We em-
phasize that the theoretical values have been constrained
by ZEUS [3] data alone, and that they are a prediction
of the H1 results, not a fit to these data. We see from
Fig. 2 that our predictions based on the ZEUS data are
in fine agreement with the normalization and slope of the
H1 results.

Curvature. The “curvature” is the second derivative,

∂2F p
2 x(x, Q2)

∂ln(Q2)2
= (1 − x) ×
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FIG. 2: A plot of the derivative ∂F p
2 x

(x, Q2)/∂ ln(Q2) vs. Q2,
in GeV2, for selected values of x, compared to data from the
H1 collaboration [4]. The exterior lines for x = 0.00008 are
the error bands associated with the parameter uncertainties
of the coefficients of Table I.

{

2a2 ln

[

xP

x

1 − x

1 − xP

]

+ 2b2 ln2

[

xP

x

1 − x

1 − xP

]}

. (5)

The form of Eq. (5) indicates that our curvature is inde-
pendent of Q2, a consequence of the fact that we truncate
the expansions in Eq. (2) at the quadratic level. With our
parameterization, the curvature grows like ln2(1/x) as x
decreases. The signs and magnitudes of a2 and b2 de-
termine the sign (positive/negative) of the curvature. In
our case, the curvature is positive, and it increases as x
decreases, features that are also true in next-to-leading
order perturbative QCD [6]. We note, however, that we
do not impose or employ QCD evolution in our work.
Our predictions are based entirely on our fit to data on
F p

2
(x, Q2). The results of our calculation of curvature

are in good agreement with the data shown in Ref. [7].
We remark that curvature is defined somewhat differ-
ently in Ref. [7] as the second derivative with respect to
log10(1 + Q2/Q2

o), instead of with respect to ln(Q2).
Extrapolation to Very Small x. In Fig. 3, we present

our calculation of F p
2
(x, Q2) as a function of x for the

choices Q2 = 25 GeV2 and Q2 = M2
W , where MW

is the mass of the intermediate W boson. The scale
Q = MW is of interest at hadron colliders where it char-
acterizes electroweak processes. It is also the relevant
scale in charged-current high energy neutrino interac-
tions [8] where the W boson propagator limits momen-
tum transfers to Q2 ∼ M2

W .
We contrast our expectations with evaluations of

F p
2
(x, Q2) based on the CTEQ6.5 set of parton distri-

bution functions [9]. In our case, the uncertainty bands
represent a ±3 standard deviation variation of our pa-
rameters, whereas in the CTEQ6.5 case the bands are
obtained from the 40 eigenvector sets that encapsulate
the uncertainties of their PDFs.

We observe that the magnitude and x dependence of
the CTEQ6.5 and our calculations agree quite well over
the range 10−3 < x < 0.1. Both approaches also show the
same dependence on Q2 in this region of x. The agree-
ment is expected since both fit data that are limited to
this range of x at large Q2. The agreement also shows
that the logarithmic expansion we use to describe x de-
pendence and the inverse power behavior of the CTEQ
form cannot be distinguished numerically over the finite
range 10−3 < x < 0.1. However, the two expectations
clearly diverge considerably when extrapolated to values
of x as low as 10−8.

In the parton model, the decomposition of the struc-
ture function F p

2
(x, Q2) at very small x is dominated

by the sea quark q(x, Q2) and sea antiquark q̄(x, Q2)
densities. Although we do not decompose our F p

2
into

parton distributions, this dominance allows us to con-
clude from Fig. 3 that our sea quark (and antiquark)
distributions will be about a factor of 5 smaller than
those in CTEQ6.5 at x ∼ 10−8 and Q2 ∼ M2

W . In ul-
tra high energy charged-current neutrino interactions [8],
x ∼ M2

W /2mEν, and the cross section on (effectively
isoscalar) nucleons, is directly proportional to the sum
ū(x, M2

W )+d̄(x, M2
W ), where ū and d̄ are the up and down

antiquark distributions. Our extrapolation in Fig. 3
shows that the expected cross sections at x ∼ 10−8 in
our case will be about a factor of 5 smaller than those
based on CTEQ6.5 [10].

Summary. The Bjorken-x dependence of the DIS pro-
ton structure function F p

2
(x, Q2) measured by the ZEUS

collaboration is consistent with a ln2(1/x) dependence
at small values of x, compatible with saturation of the
Froissart bound at each value of Q2. We parametrize
successfully the joint x and Q2 dependences of F2 for

x ≤ xP ∼ 0.09 and Q2

x
$ m2, using the compact fac-

torized expression in Eq. (1), with the Q2 variation ex-
pressed in Eq. (2). Our analytic expression has only 6 pa-
rameters (plus the scaling point xP and the value F p

2
(xP )

at the scaling point). We compute the first and second
derivatives of F p

2
(x, Q2) with respect to ln Q2 at small x.

Our predictions of these quantities are in good agreement
with the measurements by the H1 collaboration [4]. We
extrapolate our expression for F2(x, Q2) down to the very
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FIG. 3: A plot of F p
2
(x,Q2) vs. x at Q2 = 25 GeV2 and

Q2 = M2
W , where MW is the mass of the W boson, along with

results based on the CTEQ6.5M parton distribution func-
tions [9].

small value x = 10−8 and compare our expectations to
those based on the CTEQ6.5M set of parton distribution
functions [9].

Under the assumption that the Froissart bound applies
to the virtual photon cross section σ(γ∗p), a ln2(1/x) be-
havior is as singular as is allowed for the very small x be-
havior of F p

2
(x, Q2). However, it is difficult to reconcile a

ln2(1/x) behavior at very small x for F p
2
(x, Q2) [and for

the gluon distribution g(x, Q2)] at all Q2 with the Dok-
shitzer Gribov Lipatov Altarelli Parisi (DGLAP) evolu-
tion equation [11] at next-to-leading order in QCD, ow-
ing to the singular nature of parton splitting functions at
small x. Global analyses of parton distribution functions
based on DGLAP evolution, such as CTEQ6.5, begin
with the assumption of an inverse power behavior for the
small x dependences of the quark, antiquark, and gluon
densities, behavior that is more singular than is allowed
by the Froissart bound. The assumed inverse-power be-
havior leads to the very different expectations shown in
Fig. 3, where they are seen to diverge for x <

∼ 10−3. To
the extent that the ln2(1/x) behavior is preferable the-
oretically, we question the reliability at very small x of
parton distribution functions based on an assumed in-
verse power behavior.

The ln2(1/x) behavior that we show is consistent with
the DIS data could be a signal for the onset of the physics
of saturation at high parton densities. Theoretical effort
is warranted to devise a QCD evolution framework com-
patible with ln2(1/x) behavior of parton densities at very

small x, and experimental programs should be pursued
to measure the x and Q2 variations of structure functions
at much smaller values of x than are currently explored.

Our next goals include a reanalysis of all available data
for F p

2
(x, Q2) and ∂F p

2 x(x, Q2)/∂ ln(Q2) for x ≤ xP , in
ep, µp, and νp deep inelastic scattering, in order to ob-
tain a joint fit to both the x and Q2 dependences, con-
strained by the Froissart bound and the scaling point.
This work should allow us to make more accurate pre-
dictions of the proton structure function at very small x
and very large Q2, regions beyond the reach of existing
accelerators. We also will investigate the domain of com-
patibility in Bjorken-x of a ln2 1/x behavior of F p

2
(x, Q2)

at very small x with quark and gluon distribution func-
tions obtained in the standard fashion, e.g., in Ref. [9],
with DGLAP evolution and an assumed inverse power
behavior of PDFs.
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VI. Further Developments

• Odderon -- 
• ………….
• …………..
• Diffractive Higgs Production at LHC
• …………..
• Pomeron Calculus in AdS-3 Space,
• RHIC --- high density physics, BK equation, etc.
• …………
• Black hole production, etc.
• …….



More on the way!
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