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Outline

Comment on unquenching and (un)systematic uncertainties

Focus of this talk

Heavy-light decay constants

Neutral B mixing

Heavy-light semileptonic decay form factors

Neutral K mixing -  BK



The Holy Grail

Theoretically sound algorithm

Good chiral properties - 
Ginsparg-Wilson-Luescher 
symmetry

Simulate on large volumes, small 
lattice spacings, physical sea 
quark masses (or close enough 
for chi-PT)



Theoretically sound algorithm

Good chiral properties - 
Ginsparg-Wilson-Luescher 
symmetry

Simulate on large volumes, small 
lattice spacings, physical sea 
quark masses (or close enough 
for chi-PT)

The Grail of Purity



Sea quarks and states of Sin
Quenched

Theoretically wrong.  10-20% disagreement with experiment.

Lighter staggered

Theoretically uncertain.  Agreement with experiment within quoted 
uncertainties.  Permits simulation inside chiral regime

Heavier Wilson, twisted-mass, domain wall, overlap

Theoretically sound.  More costly, so heavier mass required.  
Extrapolation to physical sea quark masses:  inside chiral regime???
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Sea quarks and states of Sin
Quenched

Theoretically wrong.  10-20% disagreement with experiment.

Lighter staggered

Theoretically uncertain.  Agreement with experiment within quoted 
uncertainties.  Permits simulation inside chiral regime

Heavier Wilson, twisted-mass, domain wall, overlap, fixed point

Theoretically sound.  More costly, so heavier mass required.  
Extrapolation to physical sea quark masses:  inside chiral regime???



Focus of this Talk

Application of Lattice QCD results to phenomenology

Unquenched calculations of  “golden” or cleanly computed quantities

Quenched calculations show how to further reduce uncertainties - 
Result-oriented.  Nice theoretic work going on, but outside the 
scope of this talk

K to 2 pi is an important topic with lots of activity, but not enough 
time to discuss properly



Heavy light decay 
constants



Anatomy of decay constant calculation

Axial vector matrix element

Renormalization/matching

Quark mass dependence -- directly at s quark, extrapolate to u/d

(Weak axial current)

B Aµ

b

u

〈0|Aµ|H(p)〉 = fHpµ



fDs



fDs

by FNAL/MILC

• nf = 2+1 impr. staggered

• coarser MILC lattices

• Volume 

• Mesons: FNAL-heavy 
impr. staggered light 
(AsqTad)

fDs

J. Simone, Lattice 2004

Linear extrapolation in sea quark

fDs

√
mDs

= 248
+5

−8
± 29 MeV

12

fDs

√
mDs determination

fDs

√
mDs currently obtained in a separate (linear) extrap.

fDs

√
mDs extrap.

The mass plane

fDs

√
mDs = 0.348+0.006

−0.012(stat.+extrap.) (4)

LATTICE 2004 June 2004

physical ms

a ≈ 0.12 fm

≈ (2.4 fm)3

Preliminary

msea

ud ≥ ms/8



13

Error budget

PRELIMINARY

source
uncertainty as percent of:

d/s ratio fDs

√
mDs fD

√
mD

stat.+extrapolation 4.7 3.3 6.2

higher order SχPt ? ? ?

HQ matching to QCD <1 10 10

LQ discret. effects 4 4 4

mcharm determination <1 4 4

valence ms, md det. 2 1 2.2

lat. spac. & sea quark <1 2 2

LATTICE 2004 June 2004

by FNAL/MILCfDs

J. Simone, Lattice 2004

fDs



Reduction of perturbative uncertainty

Factor out parts calculable nonperturbatively

Perturbative calculation for this action, still preliminary

Perhaps two-loop corrections will be negligible

A. El Khadra, et al., PR D58 (1998)

A. El Khadra, M. Nobes, H. TrottierfDs



by CP-PACSfDs

Y. Kayaba, Lattice 2004

• nf  = 2 clover

• Volume 

• Mesons:  Tsukuba-
heavy /clover-light

• 1 value of sea quark 
mass presently

Preliminary

≈ (2.5 fm)3
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fBs

with NRQCD

1. A. Ali Khan, et al. PRD 64 (2001)
2. S. Aoki, et al. PRL 91 (2003)
3. M.W., et al. PRL 92 (2004)

fBs

Ref Configs result (MeV)

1 2
CP-PACS

2 2
JLQCD

3 2+1
MILC

242 ± 9 ± 34

215 ± 9 ± 13

260 ± 7 ± 28

nf

msea

ud ≥ ms/2

msea

ud ≥ ms/2

msea

ud ≥ ms/4



CP-PACS - 2 flavors of clover (tadpole coeff)

Upsilon 1P-1S splitting vs. rho mass to set lattice spacing

JLQCD simulation sees scale agreement using 

Lattice spacing ambiguity

A. Ali Khan, et al. PRD 64 (2001)

Solid points = 2 flavor

(open points = quenched)

mρ, fK , r0

fBs
Our results for the lattice spacings are listed in Tables IV

and V for unquenched and quenched lattices respectively.

Note that a! given in this paper differs slightly from the one

presented in Ref. "19#, the latter being calculated in the chiral
limit where the (u ,d) quark mass vanishes rather than at the

physical point. The ratio of the scales is plotted in Fig. 4 for

quenched $open symbols% and full $filled symbols% QCD. The
ratio becomes closer to unity with the inclusion of a dynami-

cal quark, but the discrepancy still remains significant. We

note that the discrepancy does not decrease toward the con-

tinuum limit.

The light quark mass corresponding to the u and d quarks

is determined from m& . To determine the strange quark

mass, we use either the K meson mass or the ' meson mass.

The corresponding hopping parameters, denoted by Kl ,

Ks(K) and Ks('), are given in Tables IV and V.

B. B meson masses

In NRQCD, the exponential falloff of the correlator in

Euclidean time, Esim , represents the bare binding energy. We

expect that the nonperturbative mass of heavy-light mesons

is inferred from the meson dispersion relation. We use the

relativistic form

(E$p2%)Esim$p2%!Esim$0 %"!Mkin
2 #p2!Mkin .

$18%

In practice, we determine this energy difference from a fit of

the ratio of the correlators at p2"(2&/La)2 and p2"0 to a
single exponential. The results are given in Table VI for full

QCD and in Table VII for the quenched case. We also exam-

ine this particular form of the dispersion relation by compar-

ing the results using momenta larger than one lattice unit,

and find that they agree within errors. An example for Mkin

as a function of p2 is given in Fig. 5 for a quenched lattice at

*"2.575.

The meson masses can also be estimated from Esim ,

through the perturbative relation

Mpert"Esim#(pert)Esim#ZmM 0!E0 , $19%

where Zm is the quark mass renormalization constant, and E0
is a shift of the zero point of the energy that occurs in non-

relativistic and static theories. We employ one-loop perturba-

tive values of Zm and E0 "17#, using +MS as defined in Eq.
$10% at the scale 1/a . Results for Esim are given in Tables

VIII and IX, and those for Mpert in Tables X and XI.

The statistical errors in Esim are very small. The error of

Mpert quoted in these tables is dominated by the systematic

error from higher order radiative corrections, as estimated by

+MS
2
(1/a) times the meson mass. We find that the one-loop

contribution to (pert is always smaller than our estimate of

the two-loop error, which increases our confidence in the

error estimate.

For light valence quark masses around ms , Mkin , and

Mpert agree within the combined errors for all configurations

except for those for *"2.1, for Ksea"0.1357 in full QCD,
and for *"2.575 in quenched QCD. Even for these cases the
difference is at most two standard deviations of the statistical

error in Mkin . In Fig. 6 we show a comparison between Mkin

and Mpert for full $top panel% and quenched QCD $bottom
panel% at our finest lattice spacing of a!

!1,1.8 GeV. The full
QCD data show an agreement which is typical of our data,

while for the quenched data we show the case of the largest

discrepancy.

To determine the bare b quark mass M 0b , we employ the

kinetic meson mass Mkin , as it is free from higher order

perturbative errors. The systematic uncertainty in the choice

of the method will be discussed later. We first fit the mass as

a linear function of the light quark mass,

M"Aq#
Bq

2
! 1
K

!
1

Kc
" , $20%

and extrapolate or interpolate to the physical value Kl and Ks

to obtain the heavy-light meson masses Ml and Ms . The

result is then expressed as a function of the heavy quark

mass, as

Ml ,s"AQM 0#BQ , $21%

and M 0b is determined by requiring Ml or Ms to equal the

physical meson mass, MB or MBs
, respectively.

Examples for these fits in the light and heavy quark mass

are given in Fig. 7. On the right panel, a plot of Ms /M 0 is

shown as a function of 1/M 0, which is AQ#BQ /M 0. Results

using the B meson agree with those from Bs allowing for

larger errors. We use the Bs meson rather than the B meson

to calculate the central values of M 0b to avoid the larger

statistical and possible systematic errors from the extrapola-

tion to Kl . The difference between the use of the K and '
mesons to fix the strange quark mass is negligible compared

to other errors in heavy-light meson mass. We take the cen-

tral value from the K meson. The numerical results for M 0b

are listed in Table XII $full% and in Table XIII $quenched%.

FIG. 4. Ratio of inverse lattice spacings from -(1P!1S) and
m! for full $filled symbols% and quenched $open symbols% QCD.
Our results for Nf"2 $partially quenched% lattices are denoted by
filled squares (*"1.95) and filled circles (*"2.1) "19#. The open
and filled diamonds denote a quenched "14,23# and partially

quenched "6# result, respectively, for the plaquette gauge action.
Error bars are purely statistical.

A. ALI KHAN et al. PHYSICAL REVIEW D 64 054504

054504-8



with NRQCD

1. CP-PACS: A. Ali Khan, et al. PRD 64 (2001)
2. JLQCD: S. Aoki, et al. PRL 91 (2003)
3. HPQCD: M.W., et al. PRL 92 (2004)

fBs

Ref Configs result (MeV)
scale 

ambiguity

1 2
CP-PACS

2 2
JLQCD

3 2+1
MILC

242 ± 9 ± 34

215 ± 9 ± 13

260 ± 7 ± 28

nf

msea

ud ≥ ms/2

msea

ud ≥ ms/2

msea

ud ≥ ms/4

+38

−0

< 4%

+34

−0fBs



Weighted Average

fBs
= 246 ± 16 MeV

100 150 200 250 300 350 400
fBs (MeV)

CP-PACS 2001

JLQCD 2003

HPQCD 2004fBs



Experimental lower bound on

=
G2

F

6π2
m2

W ηB S(xt)∆mBs
mBs

|VtsV
∗

tb|
2 f2

Bs

BBs

Factors in black

Factors in blue, 90% confidence range (PDG):

= 1.110 × 10
−7

GeV
−1

|Vtb| = 0.9990 − 0.9993 , |Vts| = 0.037 − 0.044

95% C.L.

Implies lower bound

∆mBs
> 15 ps−1 ( = 0.985 × 10−11 GeV)

fBs

√
BMS

Bs

(mb) > 214 MeV

BMS
Bs

(mb) = 0.85 ⇒ fBs
> 232 MeVOr if

fBs

fBs



Chiral extrapolations

+
1 + 3g2

4(4πf)2
×

[
5I1(m

2

π) − 2I1(m
2

K) − 3I1(m
2

η)
]

ξΦ =
fHs

√
mHs

fH
√

mH

= 1 +
8K(Λχ)

f2

(
m2

K − m2

π

)

I1(m
2) ≡ m

2 ln

(
m2

Λ2
χ

)
where

Low energy constants, independent of chiral scale: 

Extract from experiment or compute on lattice

fπ, g2



Calculation of  H* - H -    coupling

CLEO, PRL 87 (2001)

Quenched calculation

Interpolate to B

π

A. Abada, et al. PR D66 (2002), JHEP (2004)

gH∗Hπ =
2
√

mH∗mH

fπ

g

Heavy-light chiral p.th.

gD∗Dπ = 17.9 ± 0.3 ± 1.9 ⇒ g
exp

c
= 0.61(1)(7)

g
quench
b

= 0.58(6)(10)

g
quench
c

= 0.66(8)(5) g
quench
∞

= 0.48(3)(11)&

Aν(q)

Vµ P

Q

ud



Chiral extrapolations 6

SχPT overview

C. Aubin talk for details.

Leading order in 1/mQ expansion and χPT,

fQq
√

mQq = α

[
1 +

1

16π2f2
∆fq + . . .

]
where . . . are powers terms in sea and light valence quark

masses; up to 3rd order in fit.

Chiral log terms

∆fq = −1 + 3g2

2

(
hav + hI + a2δ′

AhA + a2δ′
V hV

)
Discretization effects from taste violations in pion masses

and hA and hV terms.

LATTICE 2004 June 2004

Slide stolen from J. Simone’s talk.
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fD

Light quark mass dependence

5

Partially quenched simulations

The mu vs mq plane Simulations for every point.

Diagonal line indicates the

“full” QCD extrapolation.

Better constraints on chiral

behavior by using all simu-

lation results in a single fit.

Include results at other lat-

tice spacings in the fit to

better control discertiza-

tion effects.

Calculations using the MILC fine lattices are underway.

LATTICE 2004 June 2004

J
. S

im
on

e,
 L

at
ti

ce
 2

00
4

ms

1

ξΦ

=
fD

√
mD

fDs

√
mDs

9

The SχPT fit
Ensemble 0.020/0.05

The mass plane

Fit including staggered discretization effects.

Fit without discretization effects.

LATTICE 2004 June 2004

12

The SχPT fit
Ensemble 0.005/0.05

The mass plane

Fit including staggered discretization effects.

Fit without discretization effects.

LATTICE 2004 June 2004

ms

ms



fD

Light quark mass dependence
13

The full QCD view
extrap. along full QCD

The mass plane

Solid curve no taste violations; dotted includes effects.

fD
√

mD

fDs

√
mDs

= 0.830+0.039
−0.037 (stat.+extrap.)

LATTICE 2004 June 2004

J. Simone, Lattice 2004

ξΦ =

fDs

√
mDs

fD

√
mD

= 1.20 ± 0.06stat ± 0.06sys

fDs
= 263

+5

−9
± 24 MeV

fD = 224
+10

−14
± 22 MeV

Preliminary

Solid: chi-PT
Dotted: S chi-PT



13

Error budget

PRELIMINARY

source
uncertainty as percent of:

d/s ratio fDs

√
mDs fD

√
mD

stat.+extrapolation 4.7 3.3 6.2

higher order SχPt ? ? ?

HQ matching to QCD <1 10 10

LQ discret. effects 4 4 4

mcharm determination <1 4 4

valence ms, md det. 2 1 2.2

lat. spac. & sea quark <1 2 2

LATTICE 2004 June 2004

fD
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fB

From A. Kronfeld, Lattice 2003
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fB
MILC configurations

NRQCD + KS

Smeared sources/sinks 
improve statistics

A. Gray, Lattice 2004

 0.9

 1

 1.1

 1.2

 1.3

 1.4

 1.5

 0  0.2  0.4  0.6  0.8  1

!
"

mq/ms

fully unquenched
fully unquenched chiral fit

fully unquenched no smearing (MW 2003)
partially quenched

partially quenched no smearing (MW 2003)

ξΦ ≡
fBs

√
mBs

fB

√
mB
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mixingB
0
− B

0

B
0

B
0

b

bd

d
O∆B=2

〈B
0

s|(bs)V −A(bs)V −A|B
0

s 〉 =
8

3
f2

Bs

m2

Bs

BBs

JLQCD, PRL 91 (2003); N. Yamada, 
Lattice 2001:

A. Gray (HPQCD), Lattice 2004 - 
Calculation underway
Chiral symmetry reduces mixings 
NRQCD+KS or Tsukuba+DWF

〈B
0

s|(bs)S−P (bs)S−P |B
0

s 〉 = −
5

3

(
fBs

m2
Bs

mb + ms

)2

BSs

3

0.0 2.0 4.0 6.0

(r
0
m
!
)
2

0.4

0.5

0.6

0.7

0.8

r 0
 f

P
S
 /

 Z
A

unquenched lattice data            

linear + quadratic

0.0 2.0 4.0 6.0

(r
0
m
!
)
2

0.4

0.5

0.6

0.7

0.8

r 0
 f

P
S
 /

 Z
A

µ = 300 MeV

µ = 500 MeV

µ = " (chiral log + quad)

FIG. 2: Chiral extrapolation of fπ divided by the renormal-
ization factor ZA. The fits with the hard cutoff chiral loga-
rithm are shown for µ = 300 (thin dashed curve), 500 (thick
curve) and ∞ (dashed curve) MeV.

Here we examine the first possibility that the effect
of pion loop is suppressed for heavy pions and the chi-
ral logarithm manifests itself only for small enough sea
quark masses. One example of models to describe such a
situation is the hard cutoff regularization of the one-loop
ChPT calculation, as suggested in [18]. This amounts to
the replacement, m2

π lnm2
π/µ2 → m2

π lnm2
π/(m2

π + µ2),
where µ is the scale of the hard cutoff, beyond which
pion loop effects are suppressed. This function has to
be understood as a model when used above the cutoff µ.
We use it to explore the possible range of uncertainties
consistent with the lack of curvature in our data.

Curves in Figure 2 illustrate the chiral extrapolation
using the cutoff-logarithm plus a quadratic term to rep-
resent higher order effects. The model function is consis-
tent with the lattice data, and it deviates from the sim-
ple polynomial function in the small mass region. The
µ = ∞ limit corresponds to the usual chiral logarithm
function plus a quadratic term, for which the curvature
cancels among the logarithmic and quadratic terms in the
data region while giving a large effect below (r0mπ)2 <
2. The other limit µ = 0 MeV is nothing but a simple
polynomial fit. The variation depending on the unknown
parameter µ indicates the size of uncertainties in the chi-
ral extrapolation within the model. It gives the upper
limit 147(3) MeV for µ = 0 MeV and the lower limit
128(2) MeV for µ = ∞. The error is statistical only;
other systematic errors are to be estimated.

A similar analysis can be made for the heavy-light de-
cay constant and the fits are shown in Figure 1 for µ
= 300 and 500 MeV (thin dotted curves) as well as for
∞ MeV (dashed curve). The effect of the chiral loga-
rithm is as large as −11% on fB, if we take µ = ∞ as
an extreme case. While this limit is unrealistic, since it
implies the validity of ChPT at very large mass scales, we

take it as the lower limit for the purpose of conservatively
estimating the systematic error. Other functional forms
are also possible as far as they are consistent with ChPT
in the small mass region [19], but all such models are ex-
pected to give numerically similar results as the model is
constrained by lattice data and ChPT in the heavy and
light pion mass regions, respectively.

The effect of the chiral logarithm is small for fBs , since
the particle circulating the loop is kaon or eta. The ex-
plicit formula in the partially quenched QCD is given in
[20]. The chiral extrapolation is shown in Figure 1 with
the lines for two extreme cases µ = 0 and ∞ MeV. The
difference among them is only 1%.

To quote our results we take the central value from the
polynomial fit and include the variation with the param-
eter µ. We obtain

fBd
= 191(10)(+ 0

−19)(12) MeV, (2)

fBs = 215(9)(+0
−2)(13)(+6

−0) MeV, (3)

fBs

fBd

= 1.13(3)(+12
− 0)(2)(+3

−0), (4)

where the first error is statistical and the second reflects
the uncertainty in the chiral extrapolation. Other sys-
tematic errors are estimated by order counting of trun-
cated higher order terms in the Symanzik and heavy
quark effective theories as in [11]. Important contri-
butions are O(Λ2

QCD/m2
b) ∼ 4%, O(α2

s) ∼ 4%, and
O(αsaΛQCD) ∼ 3%, which are added in quadrature to-
gether with other minor contributions. The last errors
for fBs and fBs/fBd

represent the ambiguity in the de-
termination of the strange quark mass.

For the B parameter, ChPT predicts −(1 − 3g2)/2
for the coefficient of the chiral log term instead of
3(1+3g2)/4 in (1) [20]. Therefore, the effect of the chiral
logarithm is almost negligible in practice. For BBs there
is no chiral logarithm as a function of sea quark mass in
partially quenched ChPT.

Figure 3 shows the chiral extrapolation of BBq(µb) at
µb = mb (= 4.8 GeV) and the fits without the chiral
logarithm. We also plot the quenched results (triangle).
The sea quark effect is small for this quantity.

Our unquenched results obtained with a linear chiral
extrapolation are

BBd
(mb) = 0.836(27)(+ 0

−27)(56), (5)

BBs(mb) = 0.850(22)(+18
− 0)(57)(+5

−0), (6)

BBs

BBd

= 1.017(16)(+53
− 0)(17)(+6

−0). (7)

The errors are the same as in fB, except for those as-
sociated with the chiral extrapolation (the second one).
We take the central value from the linear fit while using
the difference from the quadratic fit as an estimate of
systematic errors.

BSs
(mb) = 0.86(3)(7)
Vtd

(N. Yamada, Lattice 2004)
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Semileptonic 3 point function

〈π|Vµ|H〉 ≡

(
pπ + pH −

m
2

H − m
2
π

q2
q

)
µ

m
2

H − m
2
π

q2
qµ+

f+(q2)

f0(q
2)

f||(Eπ) f⊥(Eπ)≡
√

2mH

(
p⊥,µ

)
vµ +

H π

Vµ(q2)
Q

q1

q2

Vcd



Vcd

Physical up/down mass limit

• FNAL heavy + 
impr. stag. light 
(MILC configs)

• fully unquenched

• Aubin-Bernard     
S-chi-PT

M. Okamoto, Lattice 2004

0 0.01 0.02 0.03

m
l

0.6

0.8

1

1.2

f p

S!PT+lin(solid), S!PT+quad(dotted), lin(dashed)

(aE
"
)

2
=0.25

(aE
"
)

2
=0.35

(aE
"
)

2
=0.45

D!>"

er
p



q2 dependence

Fit to Becirevic-Kaidalov ansatz

Nearly final results:

Largest uncertainty due to heavy quark discretization: 7%
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f
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q
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2
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f
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f
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experiment

D!>K

M. Okamoto, Lattice 2004

fD→π
+ (0) = 0.64(3)(5), fD→K

+ = 0.73(3)(6)

Vcd



Combining f.f. with experiment

0.2 0.25 0.8 1 1.2

PDG’02

n
f
=3

n
f
=0

(APE ’01)

|V
cd

| |V
cs

|

(this work)

M. Okamoto, Lattice 2004

|Vcd| = 0.239(10)(19)(20), |Vcs| = 0.969(39)(78)(24)

Vcd
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Vub

Physical quark mass extrapolations

J. Shigemitsu, Lattice 2004

NRQCD heavy + KS light

coarser MILC configs

partially quenched

linear chiral extrapolation

msea

ud = ms/4



Vub

q2 dependence

Fit to Becirevic-Kaidalov 
ansatz (B* pole plus 
effective pole)

Result:

J. Shigemitsu, E. Gulez, Lattice 2004

f0(0) = f+(0) = 0.25(2)



Vub
slides from J. Shigemitsu, Lattice 2004
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Vcb
slide from M. Okamoto, Lattice 2004
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Unitarity check:
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BK
BK(µ) =

〈K0|O∆S=2|K〉
8

3
f2

K
m2

K

K
0

d

ds

s

K
0

O∆S=2



BK
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Finite Volume and Partial Quenching

D. Becirevic, G. Villadoro, PRD 69 (2004)

Unquenched chi-PT

Partially quenched chi-PT 

Quenched chi-PT
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= mstrange/2
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where the elliptic theta function ((&) is defined as1

(!&#* +
n!"%

%

e"&n2 !26#

and satisfies the Poisson summation formula '15)

(!&#!!"

&
(# "2

& $ . !27#

Applying the formula !27# to Eq. !25#, we get
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In the asymptotic limit L→% , the theta function behaves as
((L2/4&)-1$2e"L2/4&, so that in the same limit we can

write

,s!L ,M #→ 3!"

$!s #!2"#3/2
e"ML

!ML #2"s
!2M 2#3/2"s. !29#

IV. IMPACT OF FINITE VOLUME EFFECTS

ON THE CHIRAL BEHAVIOR OF fK AND BK

In recent years considerable effort has been invested in

controlling the chiral extrapolations of the hadronic matrix

elements computed on a lattice. To guide the extrapolation

from the directly accessible quark masses r.0.5 down to the
physical r→ru/d!0.04, one can rely on the expressions ob-
tained in ChPT !quenched, partially quenched, or full#. Those
expressions, however, contain chiral logarithmic terms which

so far have not been observed in the numerical studies. An

important task before the lattice community is to lower the

quark mass and get closer to the region in which the chiral

logarithms become clearly visible. However, by decreasing

the quark mass, the sensitivity to the finiteness of the lattice

box of side L becomes more pronounced. Moreover, the fi-

nite volume effects modify the nonlinear light quark depen-

dence in the same way, i.e., they enhance the chiral logs. The

problem is that the nonlinearity induced by the finite volume

is larger than that due to the presence of physical chiral loga-

rithms. To illustrate that statement, in Fig. 1 we plot the

chiral log contributions in the finite and infinite volumes, by

using the expressions presented in the previous section for
both f K and BK in all three versions of ChPT. From that plot
we see that it is very difficult to distinguish between physical
chiral logarithms !thick curves# and the finite volume effect,
even if one manages to work with very light quarks on the
currently used lattice volumes. For smaller masses, at which
the chiral logarithms are expected to set in, the finite volume
effects completely overwhelm the physical nonlinearity.
A possible way out would be to fit the lattice data to the

finite volume forms !see Sec. III# and not to those of the
infinite volume, given in Sec. II. That, of course, is legiti-
mate if one assumes the validity of the next to leading order
!NLO# ChPT formulas. Finally, the curves corresponding to
L!1 fm should be taken cautiously because this value may
be too small for ChPT to set in, as recently discussed in Ref.
'16).

V. FINITE VOLUME CORRECTIONS

In this section we combine the formulas derived in Secs.

II and III to discuss the shift of f K and BK induced by the

finite volume effects. Before embarking on this issue, we

first briefly remind the reader about the similar shift in the

case of the pion mass where, for large L, the one-loop ChPT

expression indeed agrees with the general formula derived

by Lüscher in Ref. '17). Since the analogous general formu-
las for f K and BK do not exist, we will derive them by taking

the large L limit of our one-loop ChPT formulas.

A. Contact with Lüscher’s formula

To make contact with Lüscher’s formula, we subtract the

one-loop chiral correction to the pion mass !squared# as ob-

1The function ((&) is obtained from the commonly used function
(3(u ,q)!+n!"%

% qn
2

e2nui, after replacing, u!0 and q!e"&. For

the numerical analysis, we use the function predefined in MATH-

EMATICA, namely, EllipticTheta'3, 0, e"&]. For more details on the

elliptic functions, see Ref. '14).

FIG. 1. From top to bottom, we plot the chiral logarithmic cor-

rections as predicted in full, partially quenched, (rsea!msea /ms
phys

!0.5) and quenched ChPT, respectively, as functions of the light
valence quark mass r!mq /ms , where the strange quark mass is

fixed to its physical value. In each plot the thick line corresponds to

the physical !infinite volume# chiral logarithm, whereas the other
four curves correspond to the logarthmic contributions computed in

the finite volume V!L3, where for L we choose the values shown

in the legend. The renormalization scale is chosen to be /
!1 GeV.
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= md/ms
R. van de Water working on S-chi-PT
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SU(3) breaking (quenched)

• tmQCD

C. Pena, Lattice 2004

= (ms − md)/(ms + md)
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Quenched -- improved staggered

E. Gamiz, S. Collins (UKQCD), Lattice 2004
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BK on UKQCD lattices

J. Flynn, F. Mescia, A.S. Bin Tariq, hep-lat/0406013

• 2 flavor sea quarks

• Clover w/ NP cSW

• a = 0.1 fm

• V = (1.6 fm)3
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Unquenched DWF

Downward trend 
with decreasing

 

also unquenched on 
MILC configs with 
impr. staggered     (E. 
Gamiz, Lat2004) too 
preliminary

C. Dawson, Lattice 2004
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Recapitulation
Heavy-light decay constants

Impressive progress

Staggered chi-PT

Reductions of perturbative errors

Neutral B mixing

JLQCD PRL (2003); HPQCD now working on MILC lattices

Semileptonic form factors for heavy-light mesons

Impressive progress

Further explore q2 dependence & related uncertainties

Neutral K mixing

Need unquenched, larger volumes, smaller sea quark masses
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